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Abstract 

Starting with a self-dual Hopf algebra H in a. braided monoidal category S we 
construct a Z/2Z- graded monoidal category C = Cq + Ci. The degree zero component 
is the category Reps{H) of representations of H and the degree one component is the 
category S. The extra structure on H needed to define the associativity isomorphisms 
is a choice of self-duality map and cointegral, subject to certain conditions. We also 
describe rigid, braided and ribbon structures on C in Hopf algebraic terms. 

Our construction permits a uniform treatment of Tambara-Yamagami categories 
and categories related to symplectic fermions in conformal field theory. 
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1 Introduction 

Let 5 be a braided monoidal category. A monoidal category over 5 is a monoidal category 
C with a full monoidal embedding S —> C, together with a lift to a braided monoidal functor 
S — >■ Z{C) jDGNO[ IDNUj . In this paper we construct examples of Z/2Z-graded monoidal 
categories C = Cq+Ci over S such that Ci = S. The component Cq is the category Repg{H) 
of representations of a Hopf algebra H in S. Our aim when setting up this construction 
was to have a natural framework in which to place an example obtained from so-called 
symplectic fermions; we will get back to this in a moment. 
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The first main result of tliis paper is tlie construction of a tensor product functor and 
associativity isomorphisms for the Z/2Z-graded monoidal category C = Iiepg{H) +S. We 
describe solutions to the pentagon in terms of Hopf algebraic data: one needs to fix a 
self-duality structure on H and a cointegral, subject to compatibility conditions (Theorem 



Llj). 

In a followup paper we plan to address the converse construction |DRj : Take a Z/2Z- 
graded monoidal category C = Cq + Ci over S such that Ci = S (subject to certain 
extra conditions). The tensor product Cq x Ci — )■ Ci gives rise to a monoidal (fibre) 
functor Co — )■ S. Under mild conditions the fibre functor produces via Tannaka-Krein 
reconstruction a Hopf algebra object H in S such that Cq coincides with the category 
Iiepg{H) of representations of if in 5 |Mat Thm. 3.2]. The rest of the tensor product in 
C is also essentially fixed: the product Ci x Co — )■ Ci is obtained from the fibre functor, 
and if the category C is to be rigid, the product Ci x Ci — )• Cq must be the tensor product 
iS X iS — )■ iS followed by tensoring with H. The condition that C is a monoidal category 
over S restricts the possible shape of the associativity isomorphisms to the ones in Figure 
3] (up to an extra invertible object, see |DR] ) . 

Our second main result is a description of braiding isomorphisms for the Z/2Z-graded 
monoidal category C = R.epg{H) + S. Our assumption here is that iS is a symmetric 
category with its own monoidal Z/2Z-grading S = Sq + Si (such as for example super- 
vector spaces) and that C is a braided monoidal category over Sq, i.e. Sq is a full subcategory 
of the symmetric centr^of C. This essentially restricts the possible shape of the braiding 
to the one in (4.3 ) jPR] . Again we characterise possible solutions in terms of Hopf algebraic 
data (Theorem 1.3). 



1.1 Motivating examples 

Our main motivation is the theory of symplectic fermions |Kau] . which are an important 
family of examples of two-dimensional logarithmic conformal field theories. 

Let f) be a finite dimensional complex vector space with a symplectic form (— |— ). Con- 
sider [) as a purely odd abelian Lie super-algebra. The symplectic form on f) becomes 
an invariant (super-)symmetric form. The vertex operator super-algebra of symplectic 
fermions is the vacuum module of the affinisation of the pair [), (— |— ), see jKacl Sect. 3.5] 
and [Ab] . Via a conformal field theory computation one can find the category of represen- 
tations C and the conformal three- and four-point blocks for symplectic fermions |Ruj . As 
for any vertex operator super-algebra, the category C is Z/2Z-graded with Co consisting of 
untwisted (Neveu-Schwarz) representations and Ci of twisted (Ramond) representations. 
For symplectic fermions the untwisted sector Cq coincides with the category of f)-modules 
(in the category of super- vector spaces). The twisted sector Ci has two irreducible repre- 
sentations and is equivalent to the category of super-vector spaces. The conformal block 
calculation gives C the structure of a Z/2Z-graded braided monoidal category. The asso- 

^ The symmetric centre of a braided category is the full subcategory of all objects T such that cu_t ° 
ct,u = idr^u for all objects U IMul . Such objects T are also called transparent |Br] . 
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Table 1: The Z/2Z-graded tensor product functor i^c ■ C x C ^ C. Here, 5 is a braided 
monoidal category and H is a Hopf algebra in 5. The Z/2-graded category is C = Co + Ci with 
Co = Repg{H) and Ci = S. The forgetful functor is denoted by F : Repg{H) — )■ S and the left 
If-action on H (^s ^ '^s B in the last line of the left table is by the multiplication of H. 



ciativity and braiding isomorphisms found in |Ru] fit into the framework described here 
with S being the category of super-vector spaces and H being the universal enveloping 



algebra of f) in S, see Sections 3.8.2 and 4.7.2 



Another example we consider in some detail are the well-known Tambara-Yamagami 
categories |TYj . In our language, these categories correspond to group algebras H = k[A\ 
of finite abelian groups in the category S of fc-vector spaces. We describe associativity 
isomorphisms and braidings for Tambara-Yamagami categories and recover the results of 



[TYj and see Sections 3.8.1 and 4.7.1 



1.2 Results 

Fix a strict ribbon category iS; we denote the evaluation and coevaluation by ev : ®U 
1 and coev : 1 — )■ f/ ®f/^, the ribbon twist by 9u, and the natural monoidal isomorphism to 
the double dual by : t/ — > t/^^. Let be a Hopf algebra in S with invertible antipode 
Sh', our conventions and some results for Hopf algebras in braided categories can be found 
in Section [2] below. Denote by Rep5(i/) the monoidal category of left if- modules in S. 
Consider the Z/2-graded category 

C = Co + Ci , where Co = Re^s{H) , Ci = S . (1.1) 

We would like to extend the monoidal structure on Rep5(if) to all of C. To this end we 
fix the specific form of the tensor product functor ®c as given in Table [T] and try to find 
associativity isomorphisms which satisfy the pentagon condition. It turns out that there is 
a family of such isomorphisms which can be parameterised by Hopf-algebraic data. This 
is summarised in the next theorem. 

Theorem 1.1. Let S, H , C, (g)^ be as above. 

(i) Let r : — )■ H and X : H 1 be two morphisms in S such that 
a) r is a Hopf-algebra isomorphism. (In particular, H is self-dual.) 
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b) X is a right cointegral for H such that there exits g : 1 ^ H with (i(i//(g)A)oA// = goX, 
and such that (A (g) A) o {idn F) o coevn = "ic^i- (It will be proved that g is unique 
and has a multiplicative inverse.) 



c) T is related to its conjugate via = Sh ° ° Sj^ o Ad^-i oF, where Ad^-i is 



conjugation with g ^, see (2.8) below. 



Then the family of natural isomorphism aA,B,c '■ A^c (B 0c C) — t- {A ®c B) ®c C given 
Figure^ and Eqn. ( 3.9[ ) below are associativity isomorphisms for (8)c- 
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(a) Denote by C{H,r,X) the monoidal category resulting via (i) from H,r,X. Given a 
Hopf algebra H' in S and a Hopf algebra isomorphism ip : H' ^ H there is a monoidal 
equivalence C{H, F, A) = C{H', F', A'), where T' = oT o {ip^^y and X' = Xo ip. 



Remark 1.2. (i) Theorem |1.1| is proved in Propositions 3.11 and 3.19 We also prove the 



converse statement of part (i) (Proposition 3.2): if one makes the ansatz in Figure [3] for 



the associativity isomorphisms, then all solutions to the pentagon are of the form stated 
in the theorem. We hasten to add that our ansatz for the associativity isomorphisms is 
not the most general natural transformation between the two functors C x C x C ^ C. 
So an obvious question left open is whether there is a sense in which C{H, F, A) provides 
all monoidal structures on C. A framework in which this is the case is that of monoidal 
categories over S; we will address this in a separate paper |DR] . 

(ii) In the case where S = Vect{k) and H = k[A] is the group algebra for a (necessarily 
abelian) finite group A, the above theorem reduced to the construction in |TYj . Tensor 
categories with these fusion rules are treated in the subfactor setting (for k = C) hy Izumi 
[Izlj . Izumi also considers the case where if is a semi-simple Hopf algebra |Iz2] . 

(iii) Even in the case S = Vect{k), the construction in Theorem |1.1| is more general than 
[Izll ITY[ IIz2j . because H need not be commutative (since H is self-dual, it is commutative 
if and only if it is co commutative) or semi-simple (as would be required in the subfactor 



setting). The smallest example is Sweedler's 4-dimensional Hopf algebra (Section 3.8.3). 

(iv) In |EN02t Thm. 1.3], Etinghof, Nikshych and Ostrik classify G-extensions of fusion 
categories in terms of cohomological data. The methods in |ENU2j should work in the 



tensoij^ (or probably just monoidal) setting as well. Theorem 1.1 then gives such an 



extension in the case G = Z/2Z and Cq = I{.epg{H). It would be interesting to compare 
the data F, A in Theorem |1.1| to the cohomological data in jEN02] : we hope to return to 
this point in |DRj. 

(v) The category C{H, F, A) is rigid. Left and right duals and the corresponding duality 



maps are given in Section 3.7 



Next we turn to the question when the category C{H, F, A) has a braiding. For this, we 
restrict ourselves to symmetric S with trivial twist. We also need to fix a natural monoidal 



By tensor we mean a fc-linear monoidal category C with bi-linear tensor product and with C{I, I) 
for the unit object /. 
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isomorphism 

uj-.Ids^ Ids (1-2) 

which squares to the identity. The parity involution for super- vector spaces is an example to 
have in mind. This family of isomorphisms enters the ansatz for the braiding isomorphisms 



in (4.3) below. We find that under certain conditions on H and by fixing two more pieces 



of Hopf-algebraic data, a braiding can be given as follows: 

Theorem 1.3. Let S (which is symmetric with trivial twist) and u be as above. Let 
C{H,T,X) and g : 1 ^ H be as in Theorem \1.1\ Let a : 1 ^ H and /3 : 1 — )■ 1 6e 
morphisms such that a has a multiplicative inverse and such that /3 is invertible in End(l). 

(i) Suppose that 

a) The isomorphism T is determined through a by 

{idu ® r) o coevj^ = [iih ® H-h) ° {idn (8 a ® a ® idH) ° ° cr~^ ■ 

b) The right cointegral A satisfies A o Sh = A o Ad^ and X o a = /3 o /3. 

c) Ado- is a Hopf-algebra isomorphism H — ifcop (the opposite coalgebra). Equivalently, 

£ o Ado = e , Ah o Ado = (Ad^ ® Ado) o ch,h o , Ad^ oSh = S^^ o Ad,, . 

d) S H ° cr = ° {g ® <y) = fJ^H ° {cr ® 9^^)- 

e) The natural isomorphism u evaluated on H is 

= [H^ H"" (i7^)°P ^ i7°P ^ i7°Pp ^ H] . 

(Since u is natural and monoidal, both sides are Hopf algebra automorphisms.) 



Then the family of natural isomorphisms ^ : Ai^c B B ®c A in Eqn. (4.3 ) with R, r, u 



given by Eqn. (4.4) defines a braiding on C{H, F, A). 

(a) Denote the braided category resulting via (i) from a, 13 by C{H, X,a, P) . Given a Hopf 
algebra H' in S and a Hopf algebra isomorphism ip : H' ^ H , there is a braided monoidal 
equivalence C{H, A, a, (3) = C{H', A', cr', (3), where X' = Xo {p and a' = ip^^ o a. 



Remark 1.4. (i) This theorem is proved in Propositions 4.10 and 4.12 To verify that the 



conditions a)-e) are not unnecessarily restrictive, in Proposition 4.2 we prove the converse 



statement to part (i): we start with the ansatz (4.3) and derive that all solutions to the two 



hexagons are of the form stated in Theorem 1.3 But also here our ansatz for the braiding 



is not the most general one and the question whether there is a sense in which Theorem 
1.3 1 provides all braidings on C{H,T, A) will be postponed to [DRj. 



(ii) Some consequences of conditions a)-e) are 
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Ad^ = idn, Sjj = AdgoAd^ and Ad^oAd^ = Ad<,oAd;\ see ( |449| , ( |Oo| and 
condition d). 



r is self-dual up to an inne r automorphism, namely 
condition c) in Theorem 



1.1 



with S]^ 



Adg o Ad^ and recall that in Theorem 



Sh o Ad^ oF (c omb ine 

we 



1.3 



assume S to have trivial twist). 



• Denote by R the R-matrix defining the braiding on Ilepg{H) (see (4.3)). This R- 
matrix is non-degenerate as a copairing and satisfies ch,h o R = (Ad^- (g) Ad^-) o R 
(compare ( |43l| and (|438[). 

(iii) If H is commutative (hence co commutative) then g is the unit of H and the conditions 



in Theorem 1.3 (i) simplify to: 

a) (unchanged) 

b) A satisfies A o Sh = A and \ o a = (3 o /3 

c) (trivially true) 

d) Sh o (J = a 



e) uh = 



H 



We also have S'jj = idn (from e) together with the fact that u is an involution). We note 
that the conditions in Theorem |1.3| do have non-commutative solutions. One such Hopf 



algebra is given in Section 4.7.4, precisely to illustrate this point. 



(iv) The R-matrix which gives the braiding on Iiepg{H) is determined by a via (see (4.4)): 

R = {^M ^ „M) o Aoa-^ . (1.3) 



Here, denotes the left-multiplication by a (see ( 2.7[ )). R-matrices of this form occur in 
the theory of quantum group^ [KRt ILSj and are studied in |STj as part of the definition 
of a 'half-ribbon Hopf algebra'. 



Remark 1.5. (i) From Remark 



1.4 



(ii) we know that Ad^ = idn- If already Ad^ = idn, 
then the category C{H, A, a, (5) is ribbon. A choice of twist isomorphisms is given by acting 
with cr~^ on iJ-modules in Cq and by applying (5^^ ■ u to objects in Ci, see Proposition 

(ii) For a braided category C the reverse category C is the category C with the same tensor 
product and associativity isomorphisms and with a new braiding cx,y = Cy^x- show in 



Proposition 4.13 that 



C(if,A,a-\r') 



:i.4) 



as braided monoidal categories. 

^ However, Uq{Q) does not provide an example for our construction because it is infinite-dimensional 
and so not a rigid (and in particular not a self-dual) object in 5 = Vect. Furthermore, the Uq{g) R-matrices 
are elements of a completion of the tensor square. 
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Remark 1.6. Let C be a G-graded monoidal category. Let Antc\c{Idc) denote the group 
of automorphisms of the identity functor on C as a C-bimodule functor. This group is 
naturally isomorphic to the automorphism group Autz{c){I) of the identity object in the 
monoidal centre of C (this follows from a monoidal equivalence between the monoidal centre 
Z{C) of C and the category Endc|c(C) of C-bimodule endofunctors of C |Osj ). Note that if C 
is tensoil^l this group is , the group of invertible elements of the ground field. A 3-cocycle 
a of G with coefficients in Antc\c{Idc) can be used to twist the associativity isomorphisms 
a of C, 

(^x,Y,z = (^(^^ z)^x^Y)(i^z o ax,Y,z, X eC^, Y eCy, Z e . (1.5) 

It is easy to see that up to monoidal equivalence twisting depends only on the cohomol- 
ogy class of a. (However, it is in general not true that different cohomology classes give 
non-equivalent monoidal structures.) We obtain a (not necessarily faithful) action of third 
cohomology group H^(G , Autc\c{Idc)) on the set of equivalence classes of monoidal struc- 
tures on C. 

Similarly a braided structure on a G-graded category C can be twisted by an abelian 3- 
cocycle (0,7) \EM\ IJSj. Namely the associativity is twisted as above via a*^"''^-' = a", while 
the deformed braiding c*^"''*^-* = c' is defined as 

cl,y = 7(3;, y)Y®x o Cx,y, X eC^, Y E Cy . (1.6) 

Let G = Z/2Z be the grading group and let S be tensor with ground field C and consider 
the case C = C{H,T,X) as in Theorem [lT] We have H^{Z/2ZX'') = Z/2Z and the 
non-trivial element of Z/2Z acts as (F, A) t— (F, — A). 

If C = C{H, \, a, /3) is braided via Theorem |1.3| the group of twists for associativity 
and braiding is i/^^(Z/2Z, C^) = Z/4Z. An element m e Z/4Z acts as (A,a,/3) ^ 
((-l)™A,a,i"^/3), where i = 



This paper is organised as follows. In Section |2] we review our conventions for Hopf 
algebras in braided categories. Section[3]is concerned with the proof of Theorem ] 1.1 and its 



converse. We also give three examples for the monoidal categories C{H,T, X). In Section 



|4] we prove Theorem 1.3 and its converse, and we give three examples for the braided 
categories C{H, \,a, (3). 

Acknowledgements: The authors would like to thank M. Izumi, M. Mombelli and D. 
Nikshych for useful conversations. AD thanks the Department of Mathematics of Hamburg 
University for hospitality during two visits in 2011 and 2012. During these visits AD was 
partially supported by the GraduiertenkoUeg 1670 of the Deutsche Forschungsgemeinschaft. 



2 Hopf algebras in braided categories 

In this section we list our conventions for braided Hopf algebras and their modules. We 
will also prove some technical lemmas needed later. 
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Figure 1: Our conventions for the string diagram representation of the structure morphisms of 
a Hopf algebra. In this paper, string diagrams are read from bottom to top. E.g. the product /x 
is a morphism H ® H ^ H . If source and target object in a string diagram are not exphcitly 
indicated, they are (tensor products of) the Hopf algebra H. 

Notations 2.1. We fix a ribbon category 5, which we will assume to be strict for notational 
simplicity; ® (without index) stands for the tensor product in S] Cuy U ®V ^ V ® U is 
the braiding in S. We will think of End5(l) as scalars and write e.g. s ■ f with s : 1 — )■ 1 

andf-.U^V instead ofU^l®U^l(^V^V. 

An algebra in S is an object A E S, together with a product morphism ^ = 11^: A® A — )■ 
A and a unit morphism 77 = 77^ : 1 — > A, subject to the associativity and unit conditions. 
Analogously, a coalgebra is an object C together with a coproduct A = A a : A ^ A® A 
and a counit e = Ea'- A ^ 1 subject to coassociativity and counit conditions. 

Given algebras A, i? in a symmetric category, the tensor product A ® B carries a 
canonical algebra structure. In the present case, where S is braided, the product on A®B 
involves a choice between the braiding and its inverse. We fix 

^^A®B = ifJ'A ® Hb) o {idA ® cb,a ® ids) (2.1) 

The main player in this paper is a Hopf algebra in the braided category S (see e.g. |Maj ) . 

Definition 2.2. A Hopf algebra in S is an object H E S together with morphisms 
/i, 1], A, e, S, such that 

1. if is an algebra with product fi and unit 1], 

2. if is a coalgebra with coproduct A and counit e, 

3. A is an algebra morphism from H to H ® H, e is an algebra morphism from ii to 1, 

4. S, the antipode, is an endo morphism of H and satisfies 

fi o (^S <^ id) o A = 7] o e = fi o (^id S) o A . 

Figure [1] shows our convention for string diagrams which will be used extensively below. 
The algebra-map property of the coproduct and counit, as well as the property of the 
antipode, which we will call 'bubble-property', are shown in Figure [2]a)-d) and g). One 
checks that S is an algebra and a coalgebra anti-automorphism in the sense that (see e.g. 
[Mai Lem.2.3]) 

S o ^ = fiocH,H ° {S <^ S) , Ao S = {S ® S) och,h ° ^ , Sor] = r] ^ eoS = e. (2.2) 
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Figure 2: Properties of Hopf algebras: a)-d) state tliat A and e are algebra maps, e) and f) 
give the sense in which S is an algebra-anti-automorphism, g) is the 'bubble-property' of the 
antipode S, h) is the corresponding property for S*^^. 

The first two properties are shown in Figure [2]e), f). For the rest of this paper let us in 
addition agree on the convention that 

'Hopf algebra' stands for 'Hopf algebra with invertible antipode'. 

This is not a strong restriction; for example, if H is taken from the category of finite- 
dimensional vector spaces, S is automatically invertible jSwl Cor. 5.1.6]. More generally, if 
S is ribbon and abelian, the antipode of a Hopf-algebra in S is invertible jTal Thm. 4.1] 
(where in fact S is just braided with equalisers and H is rigid). 

Given that S is invertible, one checks the counterpart of the bubble-property for 5*^^ 
which is shown in Figure [2]h) . 
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The dual Hopf algebra iJ^ is defined to have structure morphism^ 




A 




S 



(2.3) 



Recall that for a braided category 5, the reverse category S is the category S equipped 
with the same tensor product and associativity isomorphisms, but with the new braiding 
cx,Y = Cy\- If S is ribbon, then S also has inverse twist isomorphisms. 

Given a Hopf-algebra iJ, we obtain two new Hopf algebras in S (cf. [Be.' Sect. 2.3]): 

• if°P: the Hopf algebra with the opposite product. The underlying object is H and 
the structure morphisms are 

////op = jj,H°CH,H , ^//^"p = Vh , Aj/op = Aj/ , ej/op = Eh , Sh°p = Sj/ . (2.4) 

The use of ch,h = c~^h dictated by Figure 2h), which guarantees that the mor- 



phisms (2.4) also satisfy condition 4 in Definition 2.2 



ifcop: the Hopf algebra with the opposite coproduct. The underlying object is again 
H and the structure morphisms are 



ch,h o Ah , Sh,. 



S 



He, 



n-1 



(2.5) 



The fact that and i^cop are Hopf algebras in S (rather than S) becomes apparent 
when checking that the coproduct is an algebra map. Iterating the procedure gives Hopf 
algebras (-ff°P)cop and (i?cop)°'' in ^ , which are in general not equal (but isomorphic via 
the twist). The antipode provides an isomorphism of Hopf algebras in S: 



S : (i/°P) 



cop 



H 



(2.6) 



In any case, we will only use and H^op for symmetric S, where S = S and {H' 



/cop 



cop; 



Nop 



cop 



^ This convention agrees with |Ma[ Sect. 2.2] and it is the natural one to use in the categorical formu- 
lation. However, if applied to elements it may look slightly unusual. Consider, for example, S — Vect{k) 
and let if be a finite-dimensional Hopf algebra. Take x,y & H and a,/? £ H* . In the present convention, 
one has (A//v (a)) {x®y) = a( iJ.{y ® x)) (note the switch). 
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The left and right multiphcation by an 'element' x of H will be denoted by xM and 



Mt, that is, for x : 1 — )■ if, 



xM = fio {x ^id) : H ^ H , = fi o {id ^ x) : H ^ H 



(2.7) 



If there is an x' : 1 — ?■ such that yU o (x ® x') = rj = /i o (x' ® x), we say that x has 
a multiplicative inverse, and we denote it by x~^ = x'. Since for iJ ^ 1, a morphism 
1 — 7- never has an inverse morphism if — )■ 1, and since for the Hopf algebra H = 1 
the two inverses agree, we hope that the notation x~^ for the multiplicative inverse is not 
confusing. 

Given x : 1 — )• if with multiplicative inverse, we write 



Ad, 



xM o M^-i -.H^H 



(2. 



for the conjugation with x. 

We will also make use of left/right integrals and cointegrals. A morphism A : 1 — if 
(respectively a morphism A : if — )■ 1) is a left or right integral (respectively a left or right 
cointegral) if 

left integral: right integral: left cointegral: right cointegral: 



A 



A 



m 
s, 



(2.9) 



One important property of left /right integrals is the following. 

Lemma 2.3. Let A : 1 ^ H be a left integral and let A : 1 ^ H be a right integral. Then 
a) b) 







Proof. This is a braided version of |LRl Lem. 1.2]. To start with, note the following two 
chains of equalities, which follow from Figure [2]a) , g) : 



a] 








(2.10) 



Statement a) of the lemma follows from composing identity a) with id® A from the right 
and using the left integral property of A to remove the extra product on the right hand 
side. Statement b) follows by composing identity /3) with A® id. □ 
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A module of a Hopf algebra H is an object M G 5 together with a morphism p : 
H ® M M such that the associativity condition p o {idn ® p) = p o {p ® idu) and the 
unit condition po (rj^idM) = idM hold. The string diagram notation we use for the action 
morphism p is 



P 



n 



(2.11) 



If we want to stress the algebra and the module it is acting on, we write p^ instead of p. 
Given two if-modules M, N, the action of if if on M ® is, in accordance with ( |2.1 ), 



PmVn = (Pm ® Pn) ® i^dn ® ch,m ® idN) ■ 



(2.12) 



The category of ii-modules is denoted by Repg{H). It is a monoidal category; the 
tensor product of two if-modules M, N has M ® N as underlying object. The if-action 
is given by the coproduct. 



Pm^n = Pm%>n o (A ® ® idN) ■ 

The forgetful functor F : Repg{H) — )■ 5 is strict monoidal. 

Below we will need the following four identities involving if-modules: 

Lemma 2.4. Let M be an H-module. We have: 



(2.13) 



a) 



b) 



id 



H(S)M 



M 



id 



H(S)M 





d) 























r 


1 H 



Proof. Part a) and b) are immediate from coassociativity of H and the associativity of the 
action on M, together with Figure [2]g), h). Part c) is the algebra-map property of A, see 
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Figure |2]a), together with associativity of the action. For part d) we have 

H A1 W /A 



Ihs. of part d) 





rhs. of part d) . (2.14) 



In the second step the identity which follows from Figure ^e) for 5*"^ has been used. □ 



3 Monoidal structure on Rep^{H) + <S for S ribbon 

Notations 3.1. In addition to Notations |2.1| we fix a Hopf algebra if in iS and write 

C = Co + Ci with Co = Repg{H) , Ci = S . 

The tensor product in C is written as ®c and is given in Table [1} By A,B,... we denote 
objects from C, and by A'^,B\... we refer to objects from Cj. The forgetful functor 
Repg{H) — )■ iS is denoted by F; we will not make the forgetful functor explicit in string 
diagrams. All string diagrams below are string diagrams in S and our conventions for 
string diagrams are given in Figure [1} 



3.1 Associators 

In this subsection we list our ansatz for the associativity natural isomorphisms aA,B,c • 
A ®c {B ®c C) ~^ ®c B) ®c C. They are defined in terms of three morphisms, namely 

^■1^H®H , 5:1^H®H , (f):H^H, (3.1) 

where 

• 7 has a multiplicative inverse m H ® H, i.e. there exists a 7^^ : 1 H ® H such 

that ^iH®H o (7 ® 7"^) =ri®V = I^H(i^h ° ® 7), 

• (5*^^ ^id) o S has a multiplicative inverse in H H, 

• is invert ible. 

These conditions guarantee that the aA,B,c in Figure [3] are indeed isomorphisms. We will 
order the discussion of the different associativity isomorphisms by the number of objects 
taken from Ci. 
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a) objects from d: 

b) 1 object from d: 



c) 2 objects from Ci. 




d) 3 objects from Ci: 



<^A^,BO,C^ 





'^A\B\CO 




Figure 3: a)-d) show the ansatz for the associativity isomorphisms ay^i^i in terms of 7, 5, cj) 
in case 0, 1, 2 or 3 objects are from C^. In cases a) and c) the three-fold tensor product hes in Cq. In 

case a), the if- left module structure on the source and target object is ^ (?5Yic\>s{H)B^ ^Kcps(H)C^ ■ 
In case c) it is given by the objects in dashed boxes. In cases b) and d) the three-fold tensor 
product lies in Ci. 



■ objects from d: The associativity isomorphisms are those of Rep5(if), i.e. aAo^s^^o — 

id AO (8) idBO ® idco. 

■ 1 object from d: In this case A (8)c {B (8)c C) and {A <Sic B) ®c C are in d, and the 
tensor product is that in S with F applied to the two objects from Cq. Our ansatz for the 
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associativity isomorphisms allows the a with the middle entry from C\ to be non-trivial: 



«A0 Ri CO 



(3.2) 



«Ai,BO,CO = idA^ ®idF(BO)®idF{c°) ■ 

The structure of 0^0,51 ,co niay be easier to understand in graphical notation. As mentioned 
in Notations 3.1, in string diagrams we do not spell out the forgetful functor. 




(3.3) 



Via a small deformation of the string diagram one obtains the one listed in Figure [3jl 
Clearly, a^o.Bo.ci and a^i^^o c-o are natural and isomorphisms. For aA0,B^,c°i naturality in 
and C° follows since the action Pa^^c° commutes with if-module maps f : A^' 
and g : ^ C^' . The invertibility of aAo,B^,co follows from our assumption that 7 has a 
multiplicative inverse m H ® H. 

■ 2 objects from Ci. In this sector, the construction is more involved. Let us start with 
a AO fii ci • Its source and target objects in Cq are: 



(AO ®c 5I) ®c = (F(AO) ® B^) ®cC^ = H® F{A^) ® B^ ® . 



(3.4) 



In particular, in AO ®q [B^ ®c C^) the left iJ-action is obtained from the modules AO and 
H, while in (A" ®c B^) ®c the left if-action is just on H. By Lemma 2.4 d), the first 
morphism depicted in Figure [3]c) provides a morphism in Iiepg{H). It is invertible by 
Lemma 2.4 b). Naturality is straightforward in this well as in the two cases to 

follow. 



Next consider aA^,BO,c^- The source and target objects in Co are: 

A^ ®c (50 ®c C^) = A^ ®c {F{B^) ®C^)=H®A^® F{B^) ® , 
(A^ ®c 50) ®c = (A^ ® F{B^)) ®cC^ = H®A^® F{B^) ® . 



(3.5) 



In both cases, the if-action is given by multiplication on H. The ansatz for the associativity 
isomorphism is shown in the second morphism in Figure [31c). By associativity of H, this 
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is indeed a morphism in Repg{H). To see invertibility, it is helpful to rewrite a^^BO c-i as 




(3.6) 



It is now evident that a^i ,50^(71 is invertible because by assumption, {S^^ ^ id) o S has a 
multiplicative inverse in H ® H. 
Finally, for a^i ^1 co we have 



®c {B^ 8)c C°) = ^1 ®c {B^ ® i^(C^°)) = ® ^1 ® 51 ® F(C°) 
{A^ ®c B^) ®c = {H®A^® B^) ®c = {H ® A^ ® B^] 



(3.7) 



In the source object, the if-action is just by multiplication on the first if-factor. In the 
target object, the if-action is on the H- and on the C°-factor in the tensor-product. The 
ansatz for the associativity isomorphism is given by the third morphism in Figure |3]c). 

shows that this is indeed a morphism in Iiepg{H). Invertibility follows from 



Lemma 
Lemma 



2.4 



2.4 



3 objects from Ci: For aAi,Bi,ci we have 

A^ ®c {B^ ®c C^) = A^ ®c {H^B^® C^) 
{A^ ®c B^) ®c C^ = {H®A^^ B') ®c 



A^®H®B^®C^ 
H®A^®B'^®C'^ 



Source and target object of OiA^,B'^,c^ he in Ci, so there is no if-action. Our ansatz for the 
isomorphism is given in Figure p^d). Naturality in A^^B^^C^ is again immediate. 



The expression for 7, 5, in terms of the Hopf-algebraic data F, A from Theorem 1.1 
as follows: 



IS 



7 






(3.9) 



Conversely, the Hopf-algebraic data is determined by 7, 5, via 



\ = e 



(3.10) 
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In Section 3^ we give the pentagon equations for the associativity isomorphisms and in 
Sections 3.3 and 3.4 we discuss how these relate to the Hopf-algebraic data. 



3.2 The pentagon equations 

The associativity isomorphisms given in Figure |3] have to satisfy the pentagon axiom in C. 
Namely, the diagram 

(A Oc B) Oc (C ®c D) 




A Oc {B (C ®c D)) {{A Oc B) C) ®c D 

A ®c {{B ®c C) ®c D) {A ®c {B ®c C)) ®c D 

has to commute. Here we have omitted the (8>c in the indices of a. As an equation, this 
reads 

aAB,c,D o aA,B,CD = {aA,B,c ®c idn) ° aA,BC,D ° {idA ®c o^b,c,d) ■ (3.11) 

Taking each of the objects A, B, C, D either from Cq or from Ci, we obtain 16 equations. As 
before, we write X* for objects of Q. Let us number the 16 cases depending on a, b,c,d E 
{0, 1} for A = A", B = B'', C = C\ D = D'^ as follows: 



case 


a 


b 


c 


d 


case 


a 


b 


c 


d 


case 


a 


b 


c 


d 


case 


a 


b 


c 


d 


1) 














5) 


1 











9) 





1 


1 





13) 


1 





1 


1 


2) 











1 


6) 








1 


1 


10) 


1 





1 





14) 


1 


1 





1 


3) 








1 





7) 





1 





1 


11) 


1 


1 








15) 


1 


1 


1 





4) 





1 








8) 


1 








1 


12) 





1 


1 


1 


16) 


1 


1 


1 


1 



Recall from Figure [3] that some of the associativity isomorphisms are identities. From 
this it is immediate that cases 1, 2 and 5 hold as they read id = id. Actually, also cases 
6, 9 and 11 turn out to be true independent of the choice of 7,5,0, but the verification 
is slightly less immediate. Let us start with case 6. The pentagon reads 



"AOBO,Ci,Z)i ° OiA0,B0,C^D^ = {<^AO,bo,C^ ®C id^i) o 0:^0,50^1,01 ° (^C^AO ®C "^0,^1,1)1) , (3.12) 
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and upon substituting the expressions from Figure |3] we arrive at the string diagram 



/ I' d d' 





(3.13) 



From coassociativity and Figure |2]f) it follows that this equality indeed holds. Similar (but 
even easier) calculations show that cases 9 and 11 also hold. 

The remaining cases result in conditions on the morphisms 7, 5, 0. In case 3 the 



pentagon is as in (3.12) with replaced by D'^. By Figure [3] the corresponding string 
diagram is 



(3.14) 




A T c'- 




Equation (3.14) has to hold for all A^,B^,C^,D^. This is equivalent to 





(P-3) 



B° = = C° = 1 and 



Indeed, to see that (3.14) implies (P-3) just specialise to 
compose with rj ® r] ® rj. Conversely, it is immediate that (P-3) implies (3.14) by using 
associativity of the if-action on . An analogous calculation in case 4 results in 



(P-4) 
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The string diagram for case 7 is 




ri 




(3.15) 



By specialising to = = H and 5^ = = 1 and composing with the unit of H, and 



conversely by using associativity of the if-action, one finds that (|3.15|) is equivalent to 

1 





(P-7) 



In each of the remaining cases, the argument to pass from the pentagon to an identity 
involving only the object H is the same and we will only list the resulting conditions on 
7, 6, 0: 



Case 8: 



Case 10: 





(P-8) 



Case 12: 



ra 




(P-IO) 



(P-12) 
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Case 13: 



Case 14: 



111 



Case 15: 





Case 16: 







[tl 









(P-13) 



(P-14) 



(P-15) 



(P-16) 



3.3 From pentagon to Hopf-algebraic data 

The following proposition shows that, given the ansatz for the associativity isomorphisms 
in Figure|3| the Hopf-algebraic data in Theorem |l.l| (i) precisely parameterises the solutions 
to the 16 pentagon equations. Note that the proposition does not presuppose that 7, 6, 



are of the form (3.9). 



Let F, A be given by (3.10). Then 



Proposition 3.2. Suppose 'y, 6, (f) as in (3.1) satisfy the pentagon conditions (P-3)-(P-16) 



(i) 'y,6,(f) are of the form (3.9), 



(a) the pair F, A satisfies conditions a)-c) in Theorem 1.1 (i). 
The proof requires a series of lemmas. 

By assumption, the morphism 7 : 1 — )■ has a multiplicative inverse 7"^. Define 
the morphism g : 1 ^ H as 

g = {e(g)id)o6 . (3.16) 
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Lemma 3.3. The morphisms S and can be written as 





Proof. Inserting (P-7) into (e (g) irf (g) id) o (— ) o r] results in the identity 



7]® g = ^H®H o {7 ® ((5 ^ ®id)o6)] 



(3.17) 



Multiplying this m. H ® H with 7 ^ and composing with S ® id results in the expression 



for 6. The expression for follows by composing (P-12) with S®e from the left (i.e. 'from 
the top'). □ 

We say that a morphism / : 1 — )■ [/ ® V" is non- degenerate if the induced morphism 
U'^ -^V is invertible (or, equivalently, the induced morphism V'^ — )■ f/ is invertible). 



Lemma 3.4. (i) is non- degenerate. 

(ii) rj = {e ® id) o J = {id (g) e) o 7. 

(Hi) The multiplicative inverse of'-/ satisfies 7^^ 



{S ® id) o •y = {id 5) o 7. 



Proof. Part (i) follows from the expression for cj) in Lemma 3.3 together with the fact that 



by assumption is an isomorphism. For part (ii) compose (P-3) with e ® id id. This 
results in 7 = {id ® ^M) o 7 with x = {e ® id) o 7. By part (i), 7 is non-degenerate, 



and so xM = idn which implies x = rj. Similarly, composing (P-4) with id ® id ® e gives 
rj = {id®e) 07. For part (iii) let 7' = {S ®id) 07. Since 7 was already assumed to possess 
a multiplicative inverse, it is enough to check Hh^h o (7' ® 7) = rj ®rj. This follows from 





Figj2]g) X ^ • A (ii) ^ 

— {{rj o e) ® td) o y = rj ® rj 



(3.18) 



The expression 7 ^ = {id ® S") o 7 is verified analogously via (P-4). 
Lemma 3.5. The morphism T : H is a Hopf algebra isomorphism. 



□ 



Proof. That F in (3.10) is an isomorphism follows from Lemma 3.4 (i). Recall the definition 



of the structure maps for the dual Hopf algebra H given in (2.3). That T o S = S oT 



is immediate from Lemma 3.4 (iii). That F preserves unit and counit is the statement of 
Lemma 3.4| (ii). For the multiplication consider the equivalences 



/i o (F F) = F o 
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^ (P-3) . 



(3.19) 



In the first equivalence the definition of F and /iffv has been substituted and in the second 
equivalence the antipode has been moved past the product and duality maps have been 
applied. An analogous calculation for the comultiplication yields 



(r®r) o = AoT ^ (P-4) . 



(3.20) 

□ 



Recall the definition of g in (3.16). The next lemma shows that g is group-like. 



Lemma 3.6. (i) A o g = g ^ g and e o g = id-i. 

(a) The multiplicative inverse satisfies g~^ = S o g = o g. 



Proof. Composing ( P-8 ) with e®id®id gives g®g = Aog. By assumption, {S ^ ^id)oS 



has a multiplicative inverse, say 6. Composing the product of {S~^ id) o S and 6 with 
e^e gives {eog)-x = id-i with x = {e®e)oS. Thus eo is an invertible element in End(l). 
Composing g ^ g = A o g with e ^ e gives {e o g) ■ {e o g) = [e o g)^ and by invertibility we 
must have e o g = id^. This establishes part (i). For part (ii), note that 



fio (S ^ id) o (g 1^ g) = fi o (^S ^ id) o ° {g ® g) 
= fi o (5^^ (8) id) o cjj^jj o A o g = rj ■ {e o g) = rj , 

where Figure |2|h) was used. The other cases are checked analogously. 



(3.21) 



□ 



Lemma 3.7. (i) X is a right cointegral: {X ^ id) o A = r] o X. 

(ii) g is the distinguished group-like element for X: {id ^ X) o A = g o X. 



Proof. Part (i) is obtained by applying e ® id to (P-15) from the left and using Lemma 

(3.22) 



3.4 (ii). For part (ii) apply {e ® id) o (— ) o (id ® 77) to (P-13). This gives 

r]o X = gM o S'^ o {id^ X) o A . 



Composing with S o g-iM results in the required identity (recall from Lemma 3.6 that 
g-' = Sog). □ 
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Lemma 3.8. Set A = (A ® F) o coevn and A' 
A' are left integrals for H . 

Proof. That A is a left integral follows from 



A 

A 



{id ® (A o r)) o coqyh- Then both A and 





(3.23) 



The second step uses that V is an algebra map, i.e. that [ih o {T ®V) = V o /i^v with hh'- 



as given in (2.3). In the last expression, apply the right cointegral property of A (Lemma 
3.7) and the fact that Eh"^ o F"^ = eh- The argument for A' is similar: interpret iin as 

o r and then use the coalgebra map property of F to 

□ 



by inserting an extra pair F ^ 
obtain /S.^. 

Lemma 3.9. The normalisation condition (A (g) A) o 
Proof. Applying (e 



idx holds. 



e) o (— ) o [rj ^ifj to (P-16) und using Lemma 3.3 



gives 



idi 




(3.24) 



Substituting the definition of F to replace 7 (use Lemma 3.4 (iii) first) and then replacing 
both F and A by A' from Lemma 3.8 on arrives at id-i = A o gM o A'. But by that lemma, 
A' is a left integral, and so the product with g splits off as e o (7 = id\. In the resulting 
identity id\ = AoA', revert A' back to F and A and then express F in terms of 7 via (3.10). 
Together with Lemma 3.4 (iii), this then gives the normalisation condition. □ 



Lemma 3.10. The morphism 5 can be expressed as 




Proof. Apply {e 



or] to (P-10) and substitute the definition of g. 



□ 



For later use we note the following implication of the above lemma: Combining the 
two expressions for 6 given in Lemmas 3.3 and 3.10 with Lemma 3.4 (iii), we obtain the 
equation 



= {id® {Adg 



7 



(3.25) 
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Proof of Proposition 3j_2. Part (i) is implied by Lemmas 3.3 and 3.4 (iii). That F is a Hopf- 



algebra isomorphism was shown in Lemma 3.5 This establishes property a) in Theorem 
|l.l| (i). Property b) amounts to Lemmas 3.6 (ii), |3.7 and 3.9 Uniqueness of g can be seen 
as follows. Define A' as in Lemma 3^ Then the normalisation condition reads AoA' = id^. 
Thus, applying A' to both sides of the identity {id ^X)oA = goX gives an expression for 
g in terms of F and A. It remains to check property c) in Theorem |l.l| (i). We have the 
equalities 






(3.26) 



In the first step, the equality of the two morphisms in the dashed box is obtained from 



substituting ( |3.9 ) into (3.25) and using Adg oS* = 5* o Ad^,, which in turn follows from 



Lemma 3.6 (ii). In the second step g~^ is cancelled against g and the string diagram is 
deformed. The little loop is equal to Note that the right hand side is not yet equal 
to F^ o 6'//v as it uses two different duality maps. Instead, the right hand side is equal 



to 6]j^ 



o F^ o 

Oh"^, where Sh '■ H ^ H'^'^ is the natural isomorphism to the double dual. 
Altogether, we obtain property c) (the morphisms 9h^ S"^ and Ad^-i all commute with 
each other). □ 



3.4 Prom Hopf-algebraic data to pentagon 

The following proposition proves Theorem |l.l| (i). 



Proposition 3.11. Suppose the pair F, A satisfies properties a)-c) in Theorem 1.1 (i). Let 



7,5,0 he given in terms ofT,X by (3.9) 
in Section \3.^ are satisfied. 



Then the 16 cases of the pentagon identity stated 



The proof will again rely on a series of lemmas. 

Recall that by condition b) in Theorem |l.l| (i) there exists g : 1 ^ H with {idn ® A) o 
= 9 ° X. Define A' as in Lemma 3.8 The same argument as in the proof of Proposition 



3.2 shows that g is unique. The 'element' g is again group-like, that is, we can repeat the 



statement of Lemma 3.6 (but now starting from a different set of assumptions): 
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Lemma 3.12. (i) A o g = g ^ g and e o g = id\. 

(a) The multiplicative inverse satisfies g~^ = S o g = o g. 

Proof. Recall that the normalisation condition in property b) can be written as AoA' = ic^i. 
To see the two equations in (i), apply {id® id® A) o (— ) o A' to the coassociativity relation 
and evaluate (e ® A) o A o A' in two ways. The proof of (ii) is identical to the proof in 
Lemma 13.61 □ 

From this lemma, it follows that the left and the right multiplication by g are coalgebra 
maps. For example, in the case of left multiplication. 




(3.27) 



We will need the following identities involving the cointegral A: 
Lemma 3.13. We have 




Proof. For a) note that 




(3.28) 



where in step 1 the algebra- map property of A was used and S was moved past a coproduct, 
and step 2 follows from the bubble-property. Step 3 employs property b) in Theorem 
|l.l| (i). Composing the above equation with {id ® /x) o (A ® id) gives the first equality in 
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the statement of the lemma (recall Lemma 2.4a)). The analogous argument for b) 






Let A be given by (A ® L) o coevH as in Lemma 3.8 
Lemma 3.14. The copairing AoA :1^H®H is non- degenerate. 
Proof. This follows from 

\ 




Lcm.lOl 



T 



A coint. 




(*) 



idn 



where (*) amounts to normalisation condition in property b) of Theorem |Ll| (i) 
Lemma 3.15. Let a : H ^ 1 be given by a = evjyo(r^^ ® 5')- Then 

(i) a o ^ = a ® a. 

(ii) A = {id ® a) o A o A zs a right integral. 
Proof. We will need the identity 

/i o (A ® ic?) = A o a , 

which follows from 



Thm.|^(i)a) 
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For part (i) note that 



(1) 



(3) 



A a a = n o (ij, ^ id) o (A ® id ® id) = jj, o (A ® jj,) = A ® (a o /i) . 



(3.33) 



where step 1 follows from using (3.31) twice, and step 3 from using (3.31) once more. 



Composing this identity with A from the left and using the normalisation condition AoA = 
idi from Theorem |l.l| (i) b) proves part (i). 

For part (ii) we will first show that P = aoS:H-^lisa comultiplicative inverse to 
a, i.e. (a ® /9) o A = e. Namely, insert (3.31 ) into A o (— ) o 77 to get A o A = (A o A) ■ (a o r/). 
Since A o A = idi, we get a o rj = id^. Composing the equality in (i) with {id ® S*) o A 
and using the bubble-property of 5* gives {a ® P) o A = e. Part (ii) now follows from the 
equalities 



A 



SI 



EI 




(3.34) 



together with (3.31). 



□ 



Lemma 3.16. We have 




Proof. We will first establish equality of two auxiliary expressions and then conclude the 
statement of the lemma. The first expression is 




A coint. 
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(2) 



I 



where (1) follows as F is a Hopf-algebra isomorphism and A o A = idi by property b) of 
Theorem |l.l| (i) and (2) amounts to property c). The second expression is 





A coint. 



A 




(3.36) 



where (*) follows as AoA = idi and aot] = id\ (as one easily checks), and since ToS^ = SoT. 



Together with Lemma 3.12 (ii), we see that the right hand side of (3.35) equals that of 



(3.36). Since the by Lemma 3.14 the copairing A o A is non-degenerate, and since a has 



a comultiplicative inverse (cf. the proof of Lemma 3.15), the equality of (3.35) and (3.36) 
implies the lemma. □ 



Proof of Proposition 3.11 In Section 3^ we saw that the cases 1, 2, 5, 6, 9, 11 hold 
automatically. In the following we verify the remaining cases. 
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Cases 3, 4: In the proof of Lemma 3.5 we saw that 



/xo(r®r) =ro^^v ^ (P-3) and (r®r) o A^v = AoT ^ (P-4) . (3.37) 



Thus cases 3 and 4 follow since F is a Hop f- algebra map. 



It turns out to be more convenient to work with 7 from (3.9) instead of T and use (P-3) 



and (P-4) (which we established above). In particular, 7 satisfies all the properties stated 



in Lemma 3.4[ We will use these properties below without further mention. 

Take the equalities in (3.26) (which hold because of property c) in Theorem |l.l| (i)) and 
substitute the definition (3.9) of 7 in terms of F. Comparing the resulting identity to the 



definition of 6 in (3.9), we get the following two expressions for 6 (the first is the definition 



and the second already appeared in Lemma 3.10 when proving the converse of Theorem 
|ri|(i)): 



(3.38) 





Cases 7, 8, 10, 12: These pentagon identities are direct consequences of (P-3) and (P-4) 
For case 7 consider the equalities 



rhs of (IFtI) 



(3) 




Ihs of (P-7) . 



(3.39) 
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In step (1), expression (a) for 6 was substituted and associativity was used to move g past 
the product. In step (2), property (P-3) of 7 and the algebra-map property of A was 
used, and a pair o S has been inserted. In step (3), S and have been moved past 
products and coproducts. In step (4) one produces a loop to which one can apply the 
bubble-property. For case 8 we have, using expression (b) for 6, 



Ihs of (P-8) 





rhs of (P-8) 



(3.40) 



For case 10 use once more expression (b) for 5, as well as (P-4) (step 1) and the algebra-map 
property of A (step 2): 
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Cases 13, 15: In these cases we will make use of Lemma 3.13 Firstly. 



rhs of (P-13) 



l |3.38| a) 



c 



(1) 




(2) 




(3) 



Ihs of (P-13) , 



(3.43) 



where step 1 is a deformation of the string diagram and an application of Lemma 3.13[ 
in step 2, property ( |P-4 ) of 7 is applied, S is moved past the resulting coproduct, the 
two g's cancel (recall Lemma 3.12 (ii)), and an o S-pair is cancelled. In step 3 the 
bubble-property is used to remove a loop. Secondly, 



Ihs of (P-15) 





Lcm. lXTSl 




rhs of (P-15) 



(3.44) 



Cases 14, 16: First note that the statement of Lemma 3.16 can be rewritten as 



(3.45) 



Next we turn to case 14. Because both sides of (P-14) commute with the right if-action 



on the right factor oi H ® it is enough to show (P-14) after applying id® t] from the 



right. Using also Lemma 2.4 we see that 



(Fl4l) 



(3.46) 
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Starting from the right hand side, we compute 



rhs of (3.46) 




^ 1 



(3.47) 



In (*) we used that Mg is a coalgebra map (see below Lemma 3.12) and also moved S past 
the coproduct. 



Finally, we show that case 16 of the pentagon holds. By Lemma 2.4, both sides of 



(P-16) commute with the left if-action on the left factor ol H ® H. It is thus enough to 



show (P-16) after applying rj ®id from the right, that is. 



(P-16) ^ C 



(3.48) 



We rewrite the bottom part of the right hand side as 




(|3.38|b) 





(3.49) 
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For the second morphism in (3.48) we will use the expression 





(3.50) 



Inserting (3.49) and (3.50) into the right hand side of (3.48) gives 



rhs of (3.48) 



Lem. [3?T3l b) ryi 




Lem.l3J 



Ihs of (3.48) 



(3.51) 



In the last equality the normalisation condition in property b) of Theorem |l.l| (i) is used. 
This completes the proof of the proposition. □ 

In practice it will be easier to avoid working with F and the dual Hopf algebra B}' and 
to use 'J : 1 ^ H H instead, cf. (3.10). To be explicit, we reformulate Theorem |l.l| (i) 
via 7 and denote the resulting monoidal category by C{H, 7, A) instead of C{H, F, A). 
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Corollary 3.17. Let 7 : 1 — )■ i7 (g) and X . H ^ 1 be two morphisms such that 
a) is non- degenerate and a Hopf-copairing, that is, it satisfies {id ^ e) o 'y = 7] 



{e (g) id) 07, (irf O S") o 7 = (S" (g) id) o 7 and (P-3), (P-4), 



h) X is a right cointegral for H , such that there exits g : 1 ^ H with {id®X)oAH = goX, 
and such that (A A) o [id (g S") o 7 = idi, 

c) 7 satisfies ch,h o = [id® (5^ o Ad^ ^)) o 7. 

Then the family of natural isomorphism aA,B,c '■ A^c {B C) — t- {A (g)c B) ®c C given 
in Figure with 

5 = (zrfo (Mg o 5*^)) 07 , (f) = (id (g) X) o (S ® 12) o {-f (g) id) 

are associativity isomorphisms Re- 



proof. Substituting the expression for 7 in terms of T in (3.9) into a)-c) above, and con- 
versely inserting the expression for F in terms of 7 in (3.10) into Theorem 1.1 (i) a)-c) 



immediately shows the equivalence of the conditions (for (P-3) and (P-4) see (3.37), and 
to compare condition c) use (3.26)). □ 



3.5 Inverse associativity isomorphisms 

For later use in Section |4] we record the inverses of the five non-trivial associativity isomor- 
phisms in Figure |3| They are 



a 



a 



-1 



where 



A° k' c" 




A' H c* 



"41 



Ai fii CI 



-1 




/ %' C 



~5 = {id® g-iM) 07-^ 



51 CO 




(3.52) 
(3.53) 
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To see that the exp ress ion for S indeed gives thejnverse associator, substitute S = {S ^ 

-1 



M, 



7 



Lemma 



3.4 



Lemma 



(5®g-iM) 07 ( 



use 



3.3) into aA^,BO,c^ in Figure [3| and rewrite S ^ 
iii)). Upon composing aA^,BO,c^ and c^'^l^oc^, Figure |2]e) one arrives at 
the product of 7 and 7"^ and at that of g and g~^, both of which canceL 



That a^o c-i and a^l ^1 ^0 are inverses as claimed is immediate from Lemma 



The inverse of 



(P-16) into {e(S)id) 



has two useful expressions provided by (P-16). 

-1 



2.4 

Namely, inserting 



o (r/ id) gives S 



o gM o 



or, equivalent ly. 



1-1 



-,M o(j)oS = So(j)o gM 



(3.54) 



Using these expressions, we can show the next lemma which will be useful in Section |4j 



Lemma 3.18. We have \ o S 



X o gM and Xo S 



XoMr, 



Proof. For the first identity compose the two equivalent expressions for in (3.54) with 
e from the left and use that A = e o 0. The second identity follows by composing the first 
one with S^^ o Mg from the right. □ 



3.6 Monoidal equivalences 

In this section we prove Theorem |l.l| (ii). Let if, 7, A be a data satisfying the conditions of 
Theorem |l.l| (i) (or rather of Corollary |3.17 ) and let C(i7, 7, A) be the corresponding Z/2Z- 



graded monoidal category Rep5(if) +S. Let (p : H' ^ H he a Hopf algebra isomorphism. 
It allows us to transport the data 7, A from H to H': 

7' = ((y9~"^ ® (y9~"^) O 7 , X' = X O Lf . (3.55) 



Clearly the new data 7', A' also satisfies to the conditions of Corollary 3.17 Define the 
Z/2Z-graded functor 

G = G{^) : C = C{H,-f,X) —^C = C{H',-f',X') (3.56) 

to be the pullback functor ip* : Iiepg{H) — )■ Iiepg{H') on the component of degree zero and 
the identity functor on the component of degree one. Clearly G{ip) is an equivalence. Now 
we will describe a monoidal structure G{ip)A,B '■ G{A <^c B) — )■ G{A) ^c' G{B) on G{ip). 
We have four cases depending on weather A, B belong to the degree zero or degree one 
components. Of the four cases the only non-trivial (non-identical) part of the monoidal 
structure isomorphism is when A,B & Ci. In this case 

G{ip)A,B ■.G{A®eB)=H ®A®B '"''^'^^'^ H'®A®B = G{A) ®e' G{B) . (3.57) 

The coherence condition for the monoidal structure is that for all A, i?, C G C the following 
diagram has to commute: 

G{A ®c {B ®c C)) GiA) ®c' G{B ®c C) '"'"''^■'^ = G{A) ®c' {G{B) ®c' G{G)) 



G{aA,B,c) 



'■G{A),G{B),G{C) 



GiiA (g)c B) ®c C) GiA ®c B) ®c' G{B) > {G{A) ®c' G{B)) ®c' G{G) 

(3.58) 
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For example, the coherence for A,C G Cq, B E Ci is equivalent to the equation 7' = 
{f^^ ® V'""'^) o 7. The remaining seven cases are equally straightforward. Altogether we 
have following proposition, which proves Theorem |l.l| (ii). 

Proposition 3.19. Let H, 7, A and H', 7', A' be related via a Hopf algebra isomorphism as 
in (3.55). Then the categories C(if, 7, A) and C{H' , X') are monoidally equivalent. 

Remark 3.20. It is in general not true that all monoidal equivalences are of the form 
stated in this proposition. For example, invertible objects of order two in S give additional 
monoidal equivalences. Indeed, to P G 5 such that P ® P = I one can associate an 
equivalence C — )■ C of the form 

Id : Co ^ Co, P®-:Ci^Ci . (3.59) 

The monoidal structure is build using the braiding of S and the isomorphism P ® P = P 

The morphism space S{1,H) is an algebra with respect to the product hh o {x ®y). 
As before, we say that a morphism x G S{1,H) is group-like ii Ao x = x ® x. For a 
group-like x, the composition 5* o x is the multiplicative inverse of x (cf. Lemma 3.6 (ii)). 
In particular, group-like elements of S{1,H) are invertible. 

Lemma 3.21. Let and ip be Hopf algebra automorphisms of H. An S-module monoidal 
natural transformation x : 0* — )■ ■?/'* between the pullback functors : Ilepg{H) — )■ 

Repg{H) has the form 

Xm ■■ (p*M , Xm = Pm o (x idu), M G Reps{H) 

for a group-like x G 5(1, H) such that /i o (■?/) (g) x) = /i o (x (g) </>). 

Proof. From naturality of xm with respect to the morphism of if-modules pM '■ H ® 
F{M) — )■ M (here F : Rep5(if) — )■ 5 is the forgetful functor) we have a commuting square 
in S: 

H ® F{M) """"^'^ > H ® F{M) 



PM 



PM (3.60) 

M — 

The identity xh®f{m) = Xh ® idF{M) follows from the requirement that x is an 5-module 
natural transformation. Precomposing (3.60) with rj^id implies that xm = PM°{x®idM), 
where x = xh ° V- That x is group-like follows from monoidality of x- The fact that xm 
is a morphisms (f)*M — iIj*M implies the last equation of the lemma. □ 

There is a canonical embedding S C Repg{H) C C{H,'j, A) given by equipping U E S 
with the trivial iJ-action. We denote by 

Aut^(C(if,7,A)/5) (3.61) 
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the group of isomorphism classes of monoidal autoequivalences of C{H,'y, X) over S. That 
is, autoequivalences which are monoidally equivalent to the identity functor when restricted 
to S (together with the trivialisation) , up to natural monoidal isomorphisms which are the 
identity on S. ( Equivalent ly, consider monoidal autoequivalences which are also iS-module 
functors and divide by iS-module natural isomorphisms.) 

Let AutHopf (-f^, 7, A) be the group of Hopf algebra automorphisms of H which leave 7 
and A invariant (via (3.55)). 



Proposition 3.22. The assignment (j) ^ G{(f) ^) defines an injective group homomorphism 
from AutHopf(-f^,7, -^) to Autcg,(C(f/', 7, A)/5). 



Proof. From the explicit expressions in (3.56) and (3.57) one checks that G{(f) o ^jj) 



G{'iIj) o G(0) as monoidal functors, establishing that we have a group homomorphism. 
We will show that the only possibility for a natural isomorphism G{(j)) — t- G{il)) is the 
identity. A natural isomorphism x • G{(f)) — t- G{il)) consists of two graded components 
(7(0)0 = (f)* ip* = G{iIj)o and G{(f))i = Ids Ids = G{ip)i. By monoidality of x the 
following diagram commutes for all M G Co and X G Ci 



G{(t)){M®cX) ^^^^!}^ ^G{i)){M®cX) (3.62) 



id 



G(0)(M) ®cG{<P){X) 



id 



■G{ij){M) ®cG'(^)(X) 



where F : Co — ?■ 5 is the forgetful functor. By 



id 



F{M)®XX, 



Recall that M ®c X = F{M) (g) X, etc. 
triviality of x on 5 C Co we have Xf{m)^x = 'idF{M)®Xx- 
which implies xm = idM (choose X = 1 G S). By Lemma 3.21 
a group-like element x of iS(l, if), and and are related by conjugation with x. Since 
Xm = idM, we have x = rj and hence (p = ijj. □ 



Thus F{xm) 
Xm -- 



Pm ° {x® idu) for 



By restriction to Co, the map cf) t— ?■ G(0 ^) in the above proposition gives a group 



homomorphism from AutHopf(-f^; 7? -^) to AM.i(^{Ke]ig{H) / S) . Lemma 3.21 shows that this 
restricted map is in general not injective since it has inner automorphisms as its kernel. 



3.7 Rigidity 

Fix if, F, A as in Theorem |1.1| and abbreviate C = C(if, F, A). We will define left and 
right duals on C and give the corresponding duality morphisms, so that C becomes a rigid 
category. The category S is ribbon and so in particular rigid with coinciding left and right 
duals. We denote the duality maps of S by, for U E S, 

evf/ : f/^ O t/ ^ 1 , coeVi7 : 1 ^ [/ (g) f/^ , 

ev[/ : f/ ® f/^ ^ 1 , coevu : 1 -> f/^ ® t/ . (3.63) 
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Right and left duals in Co'- Given an if-module M with action pM, the right dual M* 
and left dual *M of M is as an object together with action morphisms pm* and p*M 
given by 




(3.64) 



One checks that M* and *M are indeed i^-modules. The evaluation and coevaluation maps 
in Cq are just those of S, 

ev^ = evM : M*(g)cM^l , coev^ = coevM : 1 ^ M <^c M* , 

eV^ = evM : M ®c*M ^ 1 , coev^ = coevM : 1 ^ *M ®c M . (3.65) 

It is clear that these satisfy the duality map conditions. It remains to prove that these are 
really morphisms in Cq, i.e. that they are if-module maps. We give the calculation for ev^ 
and evj^, the calculation for the coevaluation is similar: 




(3.66) 



Right and left duals in Ci: Let X e Ci = S. The left and right dual of X is X"^ , the 
dual in S: 

X* = *X = X'^ . (3.67) 
Note that X* ®c X = if ® ® X, etc. For the duality maps we choose 

ev^ = £ (g) evx : X* <SicX ^ 1 , coev^ = A (g) coevx : 1 ^ X (g)c X* , 

ev^ = £ (g) evx : X ®c*X ^ 1 , coev^ = A (g) coevx : 1 ^ *X 0c X , (3.68) 
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where A is the left integral determined by the right cointegral A as in Lemma 3^ The 
evaluation maps are morphisms in Cq because the counit is an algebra map; the coevaluation 
maps are morphisms in Cq by the defining property of a left integral. 

Next we need to check that the duality map conditions are satisfied. For the right 
duals, the following two morphisms have to be equal to idx and idx^, respectively (we 
omitted all '®c')- 



coev^ , ^, °'x,x*,x , ^ , ic((g)cv^ 



X ^ IX > {XX*)X ' • > X{X*X) ^ XI ^ X , 

— jii(gicoev?, , , ctx* XX*, s cv?, CSid — 

X* ^ X*l ^ X*{XX*) ' ' > {X*X)X* — ~ > IX* X* . (3.69) 



Substituting the expressions for a and a ^ in terms of and ^ from Figure [s] and (3.52) 
leads to the two conditions 

e o (j)''^ o A = idi , eo(f)o A = idi . (3.70) 

Since e o (p = X and by the definition of A, the second condition is just the normalisation 



condition b) in Theorem 1.1 (i). For the first condition substitute the expression (f) = 
So(j)o gM given in (3.54) and use that A is a left integral to remove the left multiplication 
by g. 

The calculation for the left duality maps is analogous. Altogether we have 
Proposition 3.23. The category C{H,r,X) is rigid with left and right dual objects given 



by (3.64) and (3.67) and duality maps given by (3.65) and (3.68). 



3.8 Examples 

3.8.1 Tambara-Yamagami categories 

Let S = Vect{k) be the category of finite-dimensional vector spaces over a field k. Let H be 
the algebra of functions k{A) on a finite group A such that the characteristic of k does not 
divide the order |y4|. The Hopf algebra k{A) is self dual if and only if the group A is abelian 
{k{A) is always co commutative; if it is self-dual, it is also commutative). Non-degenerate 
Hopf copairings on k{A) correspond to non-degenerate bi-characters on A: for a non- 
degenerate bi-character x '■ Ax A ^ k^ the element 7 = J2a beA x{(^j b)pa<^Pb ^ k{A)^k{A) 
is a non-degenerate Hopf copairing. Here pa G k{A) is the 5-function supported on a G A: 
Pa{x) = 6a,x for X e A. 

As A is abelian, any right cointegral A : k{A) k is automatically a left cointegral, 
i.e. the element g G k{A) is the identity. Any integral has the form X{pa) = c for some 
c E k. For a non-degenerate bi-character we have J2beAX{(^^b) = for a 7^ 0, so that 
Sa feeA x('j^) ^) = 1^1- The normahsation condition (A (g) (A o Sj){'y) = 1 amounts to = 
because 

(A ® (A o 5))(7) = (A ® A) ( ^ x{a, b)-pa® Pb-^) = E ^) = ^'1^1 • (^-^l) 

a,b£A a,b&A 
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Since the antipode for k(A) is involutive, by condition c) in Corollary 3.17 the copair- 
ing must be symmetric, i.e. it corresponds to a symmetric bi-character xi^^^b) = x{b,Ci)- 
Altogether, we recover the data from fTY] . 

In more detail, it was proved in |TYt Thm. 3.2] that associativity constraints on a 
Z/2Z-graded category Rep{k{A)) + Vect{k) with the tensor product of Table [l] are in 
1-1 correspondence with pairs (x?c). Moreover the actual shape of the associativity iso- 
morphisms in |TYl Def. 3.1] fits our template in Figure |3} The categories of the form 
C{k{A),'j, A) = C{A, X, c) are known as Tambara-Yamagami categories. It was also proved 
in |TYl Thm. 3.2] that C{A, x, c) and C{A, x', c') are tensor equivalent iff c = c' and there 
is an automorphism (p oi A such that 0(^)) = x'('j^) ^) fo^' ^ a, 6 G A. The 'if part 



of that statement agrees with Proposition 3.19 (the 'only if part is not covered by that 
proposition). 

3.8.2 Symplectic fermions 

The reason to call this class of examples 'symplectic fermions' is the relation of the resulting 
(monoidal and later also braided) category C to conformal field theory |Ru] . as briefly 



mentioned in the introduction. In this section, as well as in Section 4.7.2 below, we will 
just describe the categorical structure. 

Let S be the category SVect{k) of finite-dimensional super-vector spaces over a field 
k of characteristic zero. Let f) be a non-zero finite-dimensional purely odd super-vector 
space, together with a non-degenerate super-symmetric pairing (— |— ). As [) is purely odd, 
this means that {x\y) = —{y\x) for all x,?/ G P). Non-degeneracy of (— |— ) then requires f) 
to be even dimensional. We set 

d = dim(f)) G 2Z>o . (3.72) 

If d/2 is odd, we in addition require that G k. 

The Hopf algebra in S is the symmetric algebra S{i)) of f) in SVect{k). In other words, if 
we map S{i)) to vector spaces (non-super) via the forgetful functor, it becomes the exterior 
algebra of f). Or, if we think of f) as an abelian Lie super-algebra then S{[)) is the universal 
enveloping algebra f/(f)) of f). In any case, both the even and the odd component of S{[)) 
have dimension 2^~^. The counit, coproduct and antipode are as for f/(f)), that is, for all 
X G f), 

e{x) = , A{x) = x(S)l + l(S)x , S{x) = ~x . (3.73) 

Note that S{[)) is commutative and co- commutative in SVect{k), e.g. x ■ y = —y ■ x for all 
x,y E f). The super-vector space S{[)) is graded by the number of tensor factors f) in S'(f)), 
and it is non-zero in grades 0,1, ... ,d. We denote the component of grade m by S'"'(f)). 

Choose a basis {ai}i=i,...,d of f) and denote by {6j}i=i,...,d the basis dual to {flj} via 
{ai\bj) = 5ij. Let 

d 

C = ^h®ai G ^(f))®^(f)) (3.74) 



41 



be the copairing associated to 



). One verifies that C is independent of the choice of 



basis {oj}. For later use we remark that since the basis {hi^ is dual to {— in the sense 
that {hi\ — ttj) = 6ij, basis independence implies C = — ^j^j^ ai®hi. In other words, 

C5(i,),5(i,) oC = C . (3.75) 

Next, define 

7 = exp(C) = 1 + C + + e S{\)) ® S{\)) , (3.76) 

where 1 is the unit in S{\)) ® S{bi) and '-'is the multiphcation in S{\)) ® S{\)). The sum 
is finite because C^^^ = 0. The m'th order term in (3.76) consists of summands of the 
form (const) ■ (— l)'"'^'"~^^/^/m! ■ (6j^ ■ ■ ■ 6i„) ® (a^^ ■ ■ ■ a^^), for < ■ ■ ■ < i^, where the sign 
arises from the braiding in the definition of fis{t))(8S{t))- Since any rearrangement of factors 
to bring the indices in the correct order leads to the same sign in the left and right tensor 
factor, we simply have (const) = m!. Thus, 



7 



m(m-l)/2 



(3.77) 



m=l 



This proves in particular that 7 is non-degenerate as a copairing (since it is of the form 
7 = '^jUj ® Vj where {uj} and {vj} are some bases of 5'(P))). Let us also verify the 
remaining points in condition a) of Corollary 3.17 That (ic? ® e) o 7 = 1 = (e (g) zrf) o 7 and 
{id <^ S) o 'J = (S* ® id) o 7 is evident from (3.77). To check (P-3), first note that 



{A^^d){C) = J2{b^ 



tti + l^bi^at) = Ci3 + C; 



23 



(3.78) 



i=l 



where Cki refers to the term in S'(f))(8)S'(f))(8>S'([)) which has the 6j in the fc'th tensor factor 
and the in the Vth factor. Since A (g) zrf is an algebra map and since S'(f}) S{[)) S{[)) 
is commutative, we have 



(A (g) id){exp{C)) = exp((A ® id){C)) 

= exp(Ci3 + C23) = exp(Ci3) ■ exp(C23) 



(3.79) 



where '■' here is the product in5'(())(8S'([))(85'(f)). This is precisely (P-3). The identity 
(P-4) is verified in the same way. 

Condition c) in turn follows since S"^ = id, and since Ad~^ = id for commutative Hopf 
algebras, together with (3.75). 



It remains to analyse condition b) in Corollary 3.17 For this we need to understand 
the cointegrals of S'(f)) (since S{[)) is co commutative, there is no distinction between left 
and right cointegrals and one has g = 1). Let 



(3.80) 



1=1 
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Since (— |— ) is non-degenerate, (7 2 7^ 0. We define the symplectic volume vol to be the 
element of 5'(P))* which vanishes on S''"(P)) for m < d, and which in the one- dimensional 
top-degree d satisfies 

vol{C^) = 1 . (3.81) 

Since C is independent of the choice of basis {oj}, so is vol. It is easy to see that vol is a 
cointegral. Indeed, since A(ai^ ■ ■ ■ a,^) = (aj^ ■ ■ ■ a^^) 1 -|- ■ ■ ■ , where the omitted terms 
have less than m factors of a on the left, the defining identity {vol id){A{ai-^ ■ ■ ■ a^^)) = 
vol{ai^ ■ ■ ■ ttj^) 1 is satisfied (and is no n- vanishing only for m = d). Conversely, it is easy 
to convince oneself that all cointegrals are of the form t ■ vol. 

For the next computation, we assume that the basis {oi, 02, as, 04, . . . , a^} we have 
chosen is symplectic, that is, it satisfies (a2m-i|a2m) = 1 and (a2m-i|0'n) = for n 7^ 2m. 
The dual basis in this case is {61, 62, ^3, b^, . . . , bd-i, ba} = {0-2, — «i, 04, —03, . . . , a^, — a^_i}. 
In terms of this basis, we have 



C = feifli + b2a2 H h bd-ittd-i + bdttd 

= a2ai — aia2 + ■ ■ ■ + adCtd-l ~ O.d-lO-d = —2 Ylm=l ^2m-lO'2m ■ 

From this expression it is straightforward to verify that 

= (-2) ^ (I) ! aia2 ■ ■ ■ aa-iad . 
Thus, vol{ai ■ ■ ■ ttd) = ((— 2)i (|)!) ^, and for A = t ■ vol we obtain 

(A ® X){{id(g) S){'y)) = (-1)^ ■ A(a2(-ai) • ■ ■ adi-ad-i) ) • A(ai ■■■ad) 

= (-i)itV(2^(i)!)'- 



(3.82) 



(3.83) 



(3.84) 



We used that {id ® S){'y) = 7 ^ = exp(— C) (see Lemma 3.4), and that since d is even, 
the coefficient of the top degree contribution in exp(— C) is the same as in (3.77), namely 

(_l)d(rf-l)/2 = 

Altogether we have now shown that for ( G {±1}, the pair 



7 = exp(C) , X^ = C.{l)\{2V^y ■vol 



(3.85) 



satisfies conditions a)-c) in Corollary 3.17 The data 6 and in Corollary 3.17 is given 
explicitly by 



5 = 7 



(3.86) 



m=0 n<---<im 

Remark 3.24. Since all non-degenerate symplectic forms on f) are isomorphic. Proposition 



3.19 implies that up to equivalence the monoidal categories C(S'([)), 7, A) do not depend on 



the choice of the symplectic form. 
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The group Autnopf (-f^, 7, A) is isomorphic to Sp^l)), where S'p(P)) acts on f) C S{[)). This 
action uniquely extends to an algebra automorphism of S'(f)) which is automatically a Hopf 



algebra automorphism and keeps 7 and A fixed. By Proposition 3.22| we have an injective 
group homomorphism 

Sp{i)) Ant^ 7, X)/SVect) (3.87) 

from the symplectic group into the group of isomorphism classes of tensor autoequivalences 
over SVect of symplectic fermions. 

The most fundamental case is d = 2. In terms of a basis {ai, 02} of f) with (ai|a2) = 1 
and C £ {il} we have 



1 

'2 ' 



C = a2 (g> di — Oi ® 02 , C = — 2aia2 , vol^{aia2) - 
7 = 5 = 1 + 02 (g) ai - ai (g) 02 - (0.10.2) ® (0102) , 

(3.88) 

A(l) = A(ai) = A(a2) = , A^(aia2) = -C v^-T , 



0(1) = C v-T ■ 0102 , 0(aj) = C v-T ■ Oj , 0(0102) = -C v-1 • 1 , 
where j G {1, 2}. 

3.8.3 Sweedler's 4-dimensional Hopf algebra 

In this example, is a field of characteristic 7^ 2 and S is the category of finite-dimensional 
/c- vector spaces. We use the conventions in |KsU Ch. VIII.2]. Sweedler's four- dimensional 
Hopf algebra has basis {1, g,x, gx} with multiplication determined by = 1, = 0, 
xg = —gx. The coalgebra structure is determined by e{g) = 1, e{x) = and 

A{g) = g ^ g , A{x) = 1 ^ x + x ^ g , A{gx) = g ® gx + gx ® 1 . (3.89) 

The antipode is S{g) = g, S{x) = gx and S{gx) = —x and has order 4. We also remark 
that 52 = Adg. 

From the form of the coproduct it is immediate that all solutions to (A (8) id){A{a)) = 
A(a) ■ 1, i.e. all right cointegrals, are of the form 

= \{g) = \{x) = , Xtigx)=t, (3.90) 



for some t ^ k. The Xt satisfy {id (g) Xt){A(a)) = Xt{a) ■ g. A family of solutions to (P-3) 



and (|P-4j) is 

7s = 1(1 ® 1 + 1 ® g + g ® 1 - g ® g) + ^[x ® x + x ® gx + gx ® x - gx ® gx) (3.91) 
for s & k. Non- degeneracy of 7^ requires s 7^ 0, and in this case 7^ satisfies condition a) in 



Corollary 3.17 For condition b) it remains to check the normalisation, which results in 



{Xt^ Xt) o {id® S) o^, = It'^s fs = 2. (3.92) 
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Finally, since S"^ = Adg, condition c) demands that 7 be symmetric, which it is. Thus for 
alH G A;^, the pair 

72/t2 , At (3.93) 



satisfies the conditions in Corollary 3.17 The data S and (j) are given by 



6 = ^(^1 ^ g + 1 ^ 1 + g ® g — g ^ +t {x ® gx + x ® x + gx ® gx — gx ® x) (3.94) 
and 

m = t'\^ + 9)x . <p{g) = t-\l-g)x , <P{x) = \t{l-g) , ^{gx) = \t{l + g) . {?>.9h) 

Note that the Sweedler Hopf algebra has a one parameter family of Hopf algebra auto- 
morphisms 

fc:H,^H, , Ug) = g , /,(x) = cx, c e k* , (3.96) 



which relates pairs (72/t2 , Xt) for different t. Thus by Proposition 3.19, the categories 
C(if4,72/t2, Ai) for different t E k* are all monoidally equivalent. 



4 Braiding on Rep^{H) + <S for S symmetric 



Notations 4.1. In addition to Notations 2J_ and |3.1| we assume the ribbon category S to 
by symmetric and to have trivial twist. On 5 we fix a natural monoidal automorphism of 
the identity functor, u : Ids Ms, such that u squares to one. For the Hopf algebra H 



in (S we fix a choice of F, A satisfying the conditions of Theorem 1.1 



4.1 Braiding isomorphisms 

Our ansatz for the braiding isomorphisms will be formulated in terms of the four morphisms 

R:1^H®H , a,T,u:l'^H. (4.1) 

We require R and a, r, v to have multiplicative inverses. In addition, R has to make H 
quasi-cocommutative: 



(4.2) 
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There are four braiding isomorphisms depending on whether the two objects are from Co 
or Ci. Our ansatz is 



CaOro 




A t 





(4.3) 

Since i?, ex, r, z/ have multiphcative inverses, these maps are indeed isomorphisms. It is also 



immediate that they are natural in A"' and B^. Condition (4.2) ensures that c^o^^o is a 
map of if-modules. 



The expression for i?, r, v in terms of the Hopf-algebraic data a, /3 from Theorem 1.3 
as follows: 



IS 



a 



(4.4) 



In Section 4.2 we give the hexagon equations for the braiding isomorphisms and in Sections 



4.3 and 4.4 we discuss how these relate to the Hopf-algebraic data. 



4.2 Hexagon equations 



The braiding isomorphisms given in (4.3) have to satisfy the two hexagon axioms in C, 



that is, the following two diagrams have to commute: 



L: 



A ®c {B ®c C) 



CA,BC 



{B ®c C) A 



aB,C,A 



{A ®c B) ®c C 

CA^B^cidc 



B ®c {C ®c A) 

idB®cCA,C 



{B ®e A) ®e C ^^^^j;^ B ®c {A ®c C) 



R: 



{A ®c B)®cC- 



^AB,C 



■C ®c{A ®c B) 



'^A,B,C^ 



0!C,A,B 



A {B C) 



(C ®c A) B 



idA^CCB,C 



A Oc (C ®c B) 



<^A,C,B 



CA,C®cidE 



{A ®c C) B 



(4.5) 
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(We have omitted the ®c in the indices of c.) In formulas, the two hexagon conditions 
read: 



L 
R 



{ids ®c ca,c) o OisU^c ° ®c ^c?c) 
(cyi,c ®c ids) o aA,c,B o (^^c^a ®c cb.c) 



(4.6) 



Writing A = A"', B = S^, C = for a,b,c & {0, 1} there are once more 16 equations to 
consider, which we label as follows: 



case 


a 


b 


c 


case 


a 


b 


c 


1L,R) 











5L,R) 





1 


1 


2L,R) 








1 


6L,R) 


1 





1 


3L,R) 





1 





7L,R) 


1 


1 





4L,R) 


1 








8L,R) 


1 


1 


1 



Let us for the moment forget our assumption (cf. Notation 4.1) that cu^ = idu for all 
U E S. This will allow us to single out the hexagon equation which imposes this condition, 
namely hexagon 8R below. 

The string diagram for the hexagon in case IL is 




A' V c° 




(4.7) 



A° %' C 



As before, this can be equivalently formulated in terms of a condition involving only H 
leading to 



(H-IL) 





For case IR one finds analogously the first equation in 





(H-IR) 
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This, of course, is nothing but the requirement that H has to be quasi-triangular, which is 
equivalent to endowing Repg{H) with a braiding, see e.g. |Mal Sect. 2.5] or |Bet Sect. 2.6]. 

Let us look at two more cases in more detail as further examples. Consider the hexagon 
5R. The resulting string diagram is 





(4.8) 



The dashed lines indicate how the string diagram is build out of the individual associativity 
and braiding isomorphisms. As with the conditions obtained from the pentagon equations, 
we can specialise \,o = H and = = \ and compose with ri® id from the right 
(since both sides are module maps for the i7-right action on the = H factor). This 



to (4.8) 



gives condition (H-5R) in the list below and one verifies that (H-5R) is indeed equivalent 



The final case we treat in detail is 8R because it is the reason that we will impose 
= Id. The string diagram is 





(4.9) 



Specialising to A!" = = = \ results in (H-8R) in the hst below. Both sides of (H-8R) 
are isomorphisms. Setting = i?^ = 1 in (4.9) and composing the if-factor with the 
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inverse of (H-8R) gives idn ® idc^ = idn ® (wc-i)^. Finally, inserting this identity into 
{e ® idci) o (— ) o (?7 (g) ■idc'i) shows (wcO^ = '^'^ci for all G S. Conversely, we obtain 
(4.9) from (H-8R) and (w^^i)^ = idc^. Hence, from here on we will require that 
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(H-6L) 





(H-6R) 



''J 




(H-7L) 






3 (H-7R) 



If] 




(H-8L) 




(H-8R) 



4.3 From hexagon to Hopf- algebraic data 



Proposition 4.2. Suppose that R, a, t, u from (4.1) satisfy (4.2) anc? i/ie i^) hexagon con 



a)-e) in Theorem 1.3 (i) are satisfied. 



ditions (H-1L)-(H-8R). Then R, r, u are of the form (4.4) with (3 = e o i> and conditions 



The proof will be given in the end of this section after a series of lemmas. For the 



discussion below, we will assume the conditions in Proposition 4.2 without further mention. 
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Using the fact that a has a multiphcative inverse, we have 



(H-2R) ^ 7= (^-iM(g)M<,-i)oAo(T . 



If we form the multiphcative inverse m. H ® H oi both sides, we see that 

^-1 = (M^ ® aM) o A o 0-^1 . 



(4.11) 



(4.12) 



We note at this point that since 7 and 7 ^ are non-degenerate copairings, and since M„±i 
and a±iM are isomorphisms, also the copairings A o are non-degenerate. 



Substituting the expression (4.12) for 7 ^ into (H-2L) and (H-3L) leads to the following 
two expressions for R: 



R= (^M ® ^M) o A o 

= (M, (g) M^) o A™P o a-^ 



from (H-3L) 



from (H-2L) 



(4.13a) 
(4.13b) 



where A^°p = ch.h ° For future use, we note that another way of writing (H-3L|) is 

R = (Ad^ ®id) o 7-1 . 

Lemma 4.3. We have 

e o a = e o = idi , A'=°p o Ad^ = (Ad<^ (g) Ad^) o A . 
In particular, e o Ad^ = e, so that Ado- is a coalgebra map H — )■ //cop- 



(4.14) 



Proof. Inserting (H-5R) into {id^e)o(^—)ori and using {id0e)oS = rj results in z/ = e{a)-iy. 
Since has a multiplicative inverse, this shows e{a) = id^. Composing yU o (a (g) o"^^) = rj 
with £ shows that also e^a"^) = id-^. 

To understand the compatibility of Ado- with A consider the equalities 



Ihs of (4.2) 



l|4.13b|l 



rhs of (4.2) 



l |4.13a| l 




{*) 




{*) 



(4.15) 
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Step (*) is the algebra-map property of the coproduct. Equating the two expressions and 
inserting them into (Mg— i ® M„-i) o (— ) o gives the second identity in the statement 
of the lemma. □ 

Lemma 4.4. (i) (Ad^ &d) 07 = ch,h o 7 = (ic? Ad~^) o 7. 
(11) = AdgoAd~\ 



Proof. To see (i) note that 



(1) 



(Ad^ ® Ad^) o ch,h o 7 = (Ad^ ® Ad^) o (M^-i ® ^-iM) o A™p o a 



(2) 



(M,-i ® o A o a (Ad, ® Ad;^) o 



(4.16) 



7 



where in (1) the expression (4.11) for 7 was inserted, in (2) the anti-coalgebra property of 



Ado- is used (Lemma 4.3), as well as Ado-(o") = a. Finally, step (3) is once more (4.11). 
This shows the second identity claimed in (i). The first follows by composing the second 
one with ch,h ° (id Cg) Ad^). 



For (ii) we start from the equality of the two expressions for 6 given in (3.38). This is 
equivalent to 

{id® (Ad^^o5^)} 07 = c//,H 07 • (4.17) 
Substituting the second identity in (i) and using non-degeneracy of 7 results in (ii). □ 

Lemma 4.5. (i) S o a = Mg-i o a, as well as S^^ o a = g-^M o a, S o = gM o a^^ , 

S-^oa-^ = MgOa-\ 

(ii) So Ad;^ = Ad, o Ad^ ^ oS and S o = Ad, oS'^ . 

Proof. For (i) we do a longer calculation than necessary which however will be useful again 



in Section 4.4 Namely, the left hand side of (H-5L) can be rewritten as follows: 



Ihs of (H-5L) 



(1) 




(2) 
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(4) 




(5) 





(7) 




(4.18) 



In step (1) expression (4.13b) for R has been substituted. In step (2), first the cr-morphisms 



are moved to their new position (associativity) and then the algebra-map property of the 
coproduct is used. In step (4), the bubble-property is employed, as well as the fact that 
Ada is an algebra- map and once more the algebra-map property of the coproduct. Step 



(5) follows as Ado- is a coalgebra anti-automorphism (Lemma 4.3). For step (7) insert 



expression (4.11) for 7, use Lemma 3.4 (iii) to combine it with S" to 7 ^, then insert a pair 



jM o „-iM and substitute the definition of S in (3.53). 



If we compose the right hand sides of ( 4.18[ ) and (H-5L) with r] t], we arrive at the 
equality 

{id {soaM o gM o M^)} o5= {id® (^Mo M^)} o5 . (4.19) 

Since S is non-degenerate, this implies soaMogMoM^ = 0-M0M0-. Composing this identity 
with fi o ((y(^^ (g) cr~^) gives the first identity stipulated in (i). Composing the first identity 
with g-iM o S*"^ = o Mg gives the second identity. The remaining two identity are the 
multiplicative inverses of the first two. 
The first equality in (ii) follows from 



S O Ado-l = Adsoa oS = Ad 



9 ^ 



oS = Ada- o Adg-1 oS 



(4.20) 



Taking the inverse on both sides gives Ad^ oS* ^ = S ^ o AdgoAd^.^, or, equivalently, 
5* o Ado- oS~^ = Adg o Ad~^. Using this we compute 



S o S ''''=^Adg o Ad;^ o Ad;i = So Ada oS-^ o Ad;^ , 
which implies the second equality in (ii). 



(4.21) 

□ 



Lemma 4.6. We have t = g-iM o Mg-i o a and z/ = /3 ■ cr ^ with /3 = e(z/). The element 
P G End(l) is invertible. 



Proof. Inserting (H-5R) into (e^zrf) o (— ) or^ gives s{v)-g = aMoS ^ou. This is equivalent 
to u = P ■ S o MgO(T~^ . Together with MgOa~^ = S^^oa^^ (Lemma 4.5 (i)) one obtains the 



expression for u. Multiplying hj u ^ and composing with e shows that P is an invertible 
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element of End(l). To get the expression for r insert (H-7L) into {e (g) id) o (— ) o rj. This 
gives (3 ■ = o S o u, where we used naturahty of u. Substituting the expression for 



u and solving for r gives t = g-iM o S o a. Applying Lemma 4.5 (i) results in the formula 
for r. □ 

Lemma 4.7. We have gM o a = Mg-i o a. 



Proof. We need the following reformulation of the left hand side of (H-7R): 



Ihs of (H-7R) 



l |4.13a| l 




(2) 




(3) 




(4) 




(4.22) 

Step (2) is the algebra-map property of the coproduct (applied twice) and step (3) uses 



the anti-coalgebra map property of Ado- (Lemma 4.3). In step (4) the bubble-property for 
has been applied. 



with e{a ^) = idi (Lemma 4.3), this results in 



Now insert the right hand sides of (4.22) and (H-7R) into {e ® id) o (— ) o rj. Together 

(4.23) 



o S~'^ o a = rM o Mr o g 



Replacing 5^00" = g-^M o a (Lemma 4.5 (i)) and r = g-iM o Mg-i o a (Lemma 4.6) in 



the above identity gives an expression which simplifies to a = g-iM o Mg-i o a. 



Two immediate consequences of Lemmas |4.6| and |4.7 

Ad^ o Adg = Adg-i o Ad,^ , 
Lemma 4.8. We have to = S o Ad;^ oL o (Ad^)^ o F^^ 



are 



T = a 



□ 



(4.24) 



Proof. We start by rewriting hexagon (H-3R): 



(H-3R) 



Lem.[4!5l(ii) 



{id (g) w) O 7 
(5 (g) tj) o 7 
{id (g cj) o 7~^ 



{ Ado ®(^-iMoM^)} 07-1 
{(5oAd,)® Ad;i}o7-i 
{ Ado ®(5oAd;i)} 07-1 . 



(4.25) 
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Using duality maps to convert the above into an identity of morphisms H and 

inserting the definition of V in terms of 7"^ from ( |3.10[ ) results in 



bJ O 



T = So Ad^^ or o (Ad,)'' . 



(4.26) 

□ 



Lemma 4.9. We have A(cr) = and \ o S = \ o Ad^r. 

Proof. We will need the following identity of morphisms — )■ 1: 

A o „M o (j) = (A (g) A) o (,M ^)o{id® S ® id) o (7 (g) id) 

(2) 



(3) 



(A (g) A) o {id (g /i) o {id ®{So M^-i) (g id) o (A (g id) o (a (g zd) 
A(^t) ■ A o 5„,-iM . 



(4.27) 



In step (1) expression ( |3.9 ) is inserted for (cf. Lemma 3.3), in step (2) expression (4.11) 
for 7 is inserted, and in step (3) the fact that A is a right cointegral is used. 

Next, we will rewrite (H-8L) in a way which no longer involves Recall from (4.24) 
and Lemma 4.6 that r = cr and v = (5 ■ a~^. Combining gM o ,M o gM = from Lemma 



4.7 with the inverse of given in (3.54) results in 



(H-8L) ^ ^o0o,Mou;o0oS = /3^-M,-i o Mo0o5oM,-i . 



(4.28) 



If we compose this identity with e from the left and use A = e o 0, together with naturality 
of uj we obtain A o ,M o o 5 = /32 . A o 5 o M,-i. Now substitute (|4.27|) on the left hand 
side and use 500-1^ o S* = 5* o M„-i to conclude A(cr) • A = ■ A. Since A o A' = 1 (with 
A' as in Lemma 3.8), the first identity of the lemma follows. 

For the 
with e{a~^ 



For the second identity we compose the hexagon ( |H-8R[ ) from the left with e. Together 

= • A o M^-i . Substituting 



id-i from Lemma 4.3 , this results in A o o 
( |427| and A (a) = /^^ gives 

Ao5„,-iM = AoM,-i . 



(4.29) 



Now use S o o"~^ = gM o from Lemma 4.5 (i) as well as Lemma 3.18 to rewrite the left 
hand side (4.29 ) of as A o g^^-iM = A o gM o „-iM = Xo S o ^r-iM. Comparing to the right 
hand side of (4.29) gives the second identity claimed in the statement of the lemma. □ 



Proof of Proposition \4 ■ 4 That R,t,i> are of the form (4.4) with /3 = e(z/) amounts to 
(4.13a), ( |4.24[ ) and Lemma 4.6 Condition a) in Theorem 1.3 (i) is equivalent to (4.12). 
Condition b) was proved in Lemma 4.9 For condition c) note that Ad, is automatically 
an algebra-map. The anti-coalgebra map property was proved in Lemma [4. 3[ compatibil- 
ity with the antipode in Lemma 4.5| (ii). Condition d) holds by Lemmas 4.5| (i) and 4.7 



Condition e) is Lemma 4.8 



□ 



55 



4.4 Prom Hopf-algebraic data to hexagon 



The following proposition proves Theorem 1.3 



Proposition 4.10. Suppose a has a multiplicative inverse, (5 G End(l) is invertible, and 
conditions a)-e) in Theorem 1.3 (i) are satisfied. Then for RjT,!/ as defined in (4.4), the 



16 hexagon conditions (H-1L)-(H-8R) hold, and R satisfies (4.2) 



Proof. The proof consists of checking quasi-cocommutativity and all 16 hexagons one by 
one and will take up most of this section. We start with some preliminaries. Condition a) 
is equivalent to 

7"^ = (M, ® o A o a'^ , (4.30) 

(4.31) 
(4.32) 



and together with (4.4) we have 



R 



(<,M ® ^M) o A o ^ (Ad^ ®id) o 7"^ 



Taking the multiplicative inverse of both sides of (4.30) gives 

7 = (<^-iM ® M„-i) o A o cr . 
We also note that condition d) implies that 

Ad^ o Adq = Ad;:^ o Ad^ . 



(4.33) 



Condition d) furthermore implies that all four identities in Lemma 4.5 (i) hold, which we 
reiterate here: 



Soa = Mg-ioa, S ^oa 



-iMoa , Soa 



-1 



.Mo a 



-1 



S-^oa-^ = Mgoa-^ . (4.34) 



Quasi-cocommutativity: Inserting the anti-coalgebra map property of Ad^ from condi- 
tion c) into {Ma- (8 Mg.) o ch,h ° (— ) ° a-^M results in 



(M^ (g) Ma) o A™P O Ma-l = {aM (g) aM) O A O ^-iM . 



(4.35) 



Composing the right hand side with r] gives expression (4.31 ) for R. The above equality then 



Theorem 1.3 



implies the alternative expression for R also found in (4.13b) when proving the converse of 
(i): 

R={Ma® Ma) o A"°P o a-^ (4.36) 



(4.15) shows that (4.2) is satisfied 



Given the expressions (4.31) and (4.36) for R and the identity (4.35), the computation in 



Cases IL, IR: Substituting (4.31) into (H-IL) shows that 



(H-IL) ^ 





(4.37) 
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which in turn is immediate from ( |P-4 ). Along the same hnes one verifies that (H-IR) is 
imphed by (P-3) (use R = ((Ado- °'S') ® irf) o 7 and the fact that Ad^- oS is a coalgebra 
map). 



Cases 2L, 2R: The hexagon (H-2R) is just (4.32). Hexagon (H-2L) is immediate after 
substituting (4.30) for 7"^ and (4.36) for R. Incidentally, this also proves 



R = {Ad/ ®id) o ch,h 07^. 



Comparing (4.31) and (4.38) we obtain the first of the two equalities in 

(Ad^ ®id) 07 = ch,h = {id® Ad/) o 7 . 



(4.38) 



(4.39) 



The second equality follows by composi ng t he first one with ch,h ° {Ad/ ®id). By the 
same argument as in the proof of Lemma 4.4 (ii), ( |4.39 ) implies that S"^ = Adg o Ad~^. We 
will later use this identity in the form 



Ad;^ = Ad^oAd;io^2 _ 



(4.40) 



Cases 3L, 3R: The hexagon (H-3L) is just (4.31). Via the same steps as in (4.25) one 
checks that 



( [lT3R| ) ^ (irf^w) 07-1 = {Ad^(g)(5oAd;i)} 07-1 



(4.41) 



The identity (4.41) in turn is equivalent to condition e) (cf. (4.26)). 



Cases 4L, 4R: Substituting t = a from (4.4) and using (4.32), we can rearrange (H-4L) 
to get 

(4.42) 



( |H-4LD <^ (id(g)a;) 07-1 = (Ado(8)Ad^^) 07 . 
Inserting 7 = {id ® S^^) o 7^^ and using Ad~^ oS*^^ = S o Ad/ (from condition c)) turns 



(4.42) into (4.41). 



For hexagon (|H-4R|), substitute r = a and the second expression for R in (4.31), then 

(4.43) 



bring all factors of Ad^ to the left hand side. This gives 

( |H-4RD ^ {Ad/(^Ad/)ocH,H01 = {id®co)o-f-^ 
Starting from the right hand side, we compute 



{id ® w) o 7-1 ^ (Ad,, ® Ad^ ^) o 7 

= {id(^{Ad/oS-^))o{Ad^(^id)o-^-^ 

§ {td (Ad;^ oS-')) o (Ad;^ m) o CH,H o 7"' 

( |4.38| 



(4.44) 



which is equal to the left hand side of (4.43) 
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Cases 5L, 5R: For (H-5L) we already did all the work in (4.18): a simple application of 
(4.34) shows that the right hand side of (4.18) is equal to the right hand side of (H-5L). 
For (H-5R) we have to do a small calculation. We start with the right hand side: 



■ rhs of (fPTSRl) 



id 





For the left hand side we find 



(4.45) 



/3-^ ■ Ihs of dfTSRl) 



(*) 





(4.46) 



In (*) we substituted the second expression for 6 given in (3.38b), replaced 7 by {S 



upon using the identity S ^ o a = g-iM o a from (4.34) 



id) o 'J ^ and inserted (4.30) for 7 ^. The right hand side of (4.45) equals that of (4.46) 



Cases 6L, 6R: We start by rewriting the left hand side of hexagon (H-6L): 



■ Ihs of (IireLl) 



(1) 




(2) 




(3) 
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(4) 




(5) 




(4.47) 



In step (1), V = (3-a ^ and (|3.53[ ) have been substituted. For step (2), replace {id®uj)o'y 
by the right hand side of (4.41) and use condition c) and ( 4.40[ ) to replace 5* o Ad^^ : 
M-^oS-^ ^ 
Ad^ Og-iM 



Ado-oAd^ oS. In step (3) we used that by condition d) we have g-iM o 
Ado-, as well as that by condition c), Ado- is a Hopf algebra isomorphism 



H —7- Hcop] furthermore, was replaced by (4.30). For step (4), use the algebra-map 
property of Ado once more, as well as the algebra map property of the coproduct. Step 
(5) amounts to the bubble-property, to the anti-coalgebra map property of Ado, and to 
S o a = Mg-i o a from (4.34). It is now immediate that the right hand side of (4.47) is 



equal to (3 ^ times the right hand side of (H-6L). 



For (H-6R) we compute 



13-^ ■ Ihs of (flTeRl) 





(3) n-l 



13-^ ■ rhs of dlTeRl) (4.48 



In step (1) we used the expression 5 = {id® {Mg o S)) 07^ obtained from (3.38 



a) as well 



as (4.30). For step (3) use the bubble-property and S o a = Mg-i o a from (4.34). 
Cases 7L, 7R: We will need that 



idn = Ad^ o Ad:^ o Ad:^ ^ Adf o Ado o Ad:^ oS^ o Ado o Adr^ oS^ 



cond.c) 4 2 a i-l n2 (*) 



l |X33l l 



Ad^ o Adg oS-^ o Ad;^ oS^ = Ad^ 



(4.49) 



where (*) follows form S o Ad^ = Ad^ (which in turn follows from Lemma 3.12 (ii)) 
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Turning to hexagon (H-7L), we find 



■ rhs of pTD) 





(4.50) 



Comparing tlie riglit liand side of (4.50) to the left hand side of (H-7L), we see that to 



estabhsh (H-7L) it suffices to show that the morphism contained in the dashed box is equal 



to S. The morphism in the dashed box is equal to the first morphism in the following chain 
of equalities: 

(^M O ^M) o {id (g) (w o 5)) o A o o-i 



( Ad^ ®{^M oSo ^~iM}) o {id ® 
(AdJ(g){,Mo5o,-iMo5o Ad;^}) 07-1 
□ (zd®3-iM) o (Ad,'®Ad;2) 07-1 



(4.51) 



For step (*) first note that 



MoS = So Ms-ioa S 5 o o Mg-i ™ = '^'^ SoMgoM^ = g-iMoSoM^ . (4.52) 
Inserting this into the expression in curly brackets gives 



aM o S O ^-iM o S o Ad^ 



-1 



^iMo5oAd:^o5oAd 



I cond. c) 



lMo Ad 



-2 



(4.53) 



Step (**) in ( |4 51[ ) follows by first using ( |4.39[ ) to see {id (g) Ad^ ) 07 = (Ad; ®id) o 7 and 
then using Ad^ = idn from (|09|). This estabhshes l^jU. 



To show (H-7R), we start with the following series of equalities: 



{id®co)o5^ {id ® cu) o {id {Mg o 5*)) o 7"^ 

^ {id ® {Mg o S)) o (Ad;^ ®(Ad;^ oS-^)) o CH^H o 7"' 

^ ( Ad;^ ®{Mg oSoMg oS-^ o Ad^}) o ch,h o 7 
= (irf ® (<;M o S"^)) o ch,h o (Ad^ ® Ad;^) o 7 

(irf ® (gM o S'^)) o c//,H o {M^-i ^-iM) o A o (J 
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I |4.34| 

cond. d) 



® {gM o 5-i(,-i)M o S-^}) o ch,h o a o a 
(^-iM ® {^-iM o ^-1}) o Ci^,H o A o a . 



(4.54) 



Now recall the rewriting of the left hand side of (H-7R) given in (4.22). Substituting (4.54) 



into the right hand side of (H-7R) we immediately see that this is equal to the right hand 



side of (4.22). This proves 



H-7R). 



Cases 8L, 8R: When composing (P-3) with id®id®S one obtains 





(4.55) 



Using = (S* ® (A o jj)) o (7 (g) id) from (3.9) and inserting expression (4.32) for 7 one 
obtains the first equality in 
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Since \{a) = by condition b), to show (*) it is enough to show that Ao^^^-iM = A0M0--1. 
This in turn follows from 



Ao 



Socr 



-.M » Ao,Mo^-.M ^^"^=^Ao5o,-.M ™ = '^ AoAd. o^-.M 



\oM^-i . (4.58) 



For hexagon (|H-8L|) we will start from the alternative formulation in (|4.28). Using 

(4.59) 



(H-8R), which we just proved, the left hand side of (4.28) becomes 

uoSo{(j)o^Mo(f))oS = l3^-uoSo {M^-i o(f)o M^-i) o S 



Thus, together with (3.54) so far we have 



(H-8L) ^ S o M^-i otu o (Po M^-i o S = M^-i o gM o (Po S o M^-i . 



(4.60) 



On the left hand side of (4.60), first use ( 3.9[ ) to replace (p by {id® (A o /i)) o (7^^ id) and 
then use monoidality of u to move u as in {u ® id) o = [id (g) w) o 7"^. Next, substitute 
the right hand side of (4.41) for {id®uj) 07"^ and apply ( |4.58[ ) to AoMg-i. Together with 
S o Ad^^ = Ad^^ oS^^ from condition c), this gives the first equality in 



Ihs of (4.60) 




(*) 




(4.61) 



Two separate simplifications make up step (*). Firstly, on the left-most if-leg we have 

S o M,-i o Ad, '°="^ soa-^M o Ad,, oS^i ^ gMo o S-^ . (4.62) 
Secondly, on the middle if-leg we compute 



Soa 



-iM o Ad"^ 0^-1 ^ „M o ^-iM o Ad, o Ad"^ oS = M,-i oM„oS^ M. 



Soa' 



-1 O 



s . 



(4.63) 

On the right hand side of (4.61) we can now replace {S~^ ® S) o 7"^ = 7"^ and move 
5*0 0""^ from the middle H-leg to the right-most if- leg. This results in the right hand side 
of (4.60), establishing (H-8L) and completing the proof of Proposition 4.10 □ 



Remark 4.11. (i) The Drinfeld element of a quasi-triangular Hopf algebra is defined to 
he u = fi o [S ® id) o ch^h ° R- If the Hopf algebra satisfies the properties in Theorem 



1.3 (i), we can compute 



u 



fi o (S ® id) o ch,h o (Ad,^ ®id) o ch,h ° 1 ^ = fio {S ® Ad,^' 



7 
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cond. d) 9 

= 



IJ,o{S (g) Ad J) o (M^ (g) ^M) o A o = soaM o M„ o ^ o {S ® id) o A o o'^ 

(4.64) 



Since by (4.40), S"^ = Ad^oAd^^, and by (4.49), Ad^ = idn, the element u satisfies (see 
[Ksll Prop. VIII. 1] for the vector space case) 



(4.65) 



(ii) As in Corollary 3.17 it is helpful to formulate Theorem 1.3| (i) without appealing to the 
dual Hopf algebra iJ^. To this end we rewrite conditions a) and e) as 



a') 'J is determined through a by 

7 = 

e') The natural isomorphism u evaluated on H satisfies 

{id (g) coh) o 7"^ = { Ad^ 0(5 o Ad;^) } o 7-^ . 



7-1 (cf. (4.26)). 



For a') we used (4.32), and e') is (4.41) together with the definition (3.10) of T in terms of 



4.5 Braided monoidal equivalences 



Let H, A, 0", /9 be a data satisfying the conditions of Theorem 1.3 (or rather these of Corollary 



3.17 and Remark 4.11 (ii)) and let C{H, A, a, /3) be the corresponding Z/2Z-graded braided 
monoidal category Iiepg{H) + S. Given a Hopf algebra isomorphism ip : H' ^ H , we can 
transport the data X,a, P from H to H'\ 



a = if o a 



/?' = /?. 



(4.66) 



Clearly, the new data X',a',j3' also satisfies to the conditions of Theorem 1.3, The Z/2Z- 
graded functor from Section 3.6[ 



G = G{p) : C{H, A, a, /3) C{H', A', a', P'^ 



(4.67) 



is now a braided equivalence. Indeed, the monoidal structure G{ip)a,b '■ G{A ^ B) ^ 
G{A)0G{B) on G{ip) is compatible with the braidings in C{H,X, cr, /3) and C{H', A', a', /?'), 
i.e. the diagram 

GiA^B) ^^^^ G'(A) ® G'(fi) (4.68) 



GicA,B) 



G{B^A) 



Gf 



''G(A),G{B) 



G{B)^G{A) 



commutes. For example the coherence for A E Cq,B E Ci is equivalent to the equation 
cr' = (y9~^0(j. The remaining three cases are equally straightforward. Altogether this proves 



Theorem 1.3 (ii): 
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Proposition 4.12. Let H,X,a,P and H',X',a',P' be related via a Hopf algebra isomor- 
phism as in (4.66). Then the categories C{H, X,a, /3) and C{H' , X' ,a' , P') are equivalent as 
braided monoidal categories. 



Analogous to Proposition 3.19, it is in general not true that all braided equivalences 
are of the form stated above. 

Denote by Autnopf (-f^, A, a) the group of Hopf algebra automorphisms of H which leave 
A and cr invariant (via (4.66)). Since a determines the copairing 7 we have an injective 
homomorphism Autnopf (-f^, A, a) — AutHopf(-f^, 7, A). Together with Proposition 3.22 this 
gives an injective homomorphism 



AutHopf(i^, A, a) Anty,r{C{H, X, a, (3)/S) 



(4.69) 



into the group of isomorphism classes of braided monoidal autoequivalences of C{H,'j, A) 
over iS. 



Recall from Section ^ that the reverse category C is equal to C as a monoidal category 



but has the braiding cx,y 



Proposition 4.13. Let C{H, X,a, P) be a braided monoidal category as in Theorem 1.3. 
Then the triple A, o""^, I3~^ also satisfies the conditions of Theorem L3 and there is a braided 
monoidal equivalence 

CiH,X,a,P)^CiH,X,a-\p-') . 
Proof. We will first check that the triple A,cr~^,/3^^ satisfies the conditions of Theorem 



1.3 Since Ado- is an algebra map, the inverse identity to (4.42) reads 

{id o wh) o 7 = (Ad^ O Ad;^) o . 

(„-iM (g) M„-i) o A o cr, see Remark 14.11 



(4.70) 



The copairing 7 is defined via a as 7(0") 
Write 7 = 7(0") and 7' = 7(0""^). Then 



11 a 



{id®ujH)oi (Ad,,® Ad;^)o(Mo®<,M)oAoa"i = {„M®M^)o/\oa'^ = 7 . (4.71) 

(|4.30|l 



With the help of (4.71) and naturality and monoidality of co it is straightforward to verify 



that the pair A, 7' satisfies the conditions in Corollary 3.17 



Conditions a)-e) of Theorem 1.3 for X,a ^, /3 ^ can be seen as follows: 

■ For a) and e) use Remark 4.11 (ii). Condition a') holds by the definition of 7' and for e') 
use drfll . 

■ For b) we need to show A o S = A o Ad^^"*^ and X{a^^) = For the first identity, 
compose both sides of A o S* = A o Ad^- in b) with S^^ o Ad^^ and use Ado- °S = o Ado- 
from c). For the second identity insert (H-8R) into e o (— ) o rj and use u = f3 ■ a~^, eocj) = X 
and (pof] = A' (the left integral from Lemma 3.8) to get A o o A' = ■ e{cr~^) ■ X{a~^). 
Now use the left integral property and the normalisation condition A o A' = idi, as well as 
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eia) = id\ = eia ) from Lemma 4.3 



■ For c) use that Ad^ ^ is a Hopf algebra map from i^cop H which is the same as a Hopf 
algebra map H — )■ //cop- 



■ Finally, d) is immediate from (4.34) 

Next, we give the monoidal equivalence I : C ^ C, where C = C{H,X,a,P) and 
C = C{H, X,a~^, (which of course is the same as a monoidal equivalence C — t- C). 
The underlying functor is the identity functor and the monoidal structure Ia,b '■ A^c B 
A<S)c B is given by 

J^a^gb = id.A'^ ®c i^BbT , (4.72) 
where A" G Ca, B^ G Cb, and (0;^)° = ids, {i^bY = i^b- We need to check that the diagram 



A (g)c (B (g)c C)) 

'^A.B,C 



■A®ciB ®c C) 



id®clB,C 



■A®c {B ®c C) 



''A,B,C 



(4.73) 



[A ®c B) ®c C ^ {A ®c B) ®c B — ^ {A ®c B) ®c C 



commutes in all eight cases for the graded degrees of A, B and C . With a little patience, 
one verifies that the five cases 000, 001, 100, Oil, 110 are trivially true. Using monoidality 



and naturality of w, as well as the definition of 5 and in Corollary 3.17, it is easy to check 



that the remaining cases 010, 101, 111 all reduce to the identity (4.71). 



Finally, we need to verify that / : C — C is indeed braided, that is, we need to verify 
commutativity of the diagram 



A®r B- 



Ia,. 



B A- 



Ib.a 



■A®cB 

'^'a,b 

-B (S)c A 



(4.74) 



One easily checks that of the four cases of the graded degrees of A and B, the only case 
which is not immediate is A,B & Co The latter amounts to ch,h ° = R'. To establish 
this identity, first note that 



Using this, we have ch,h o = (M^-i O M^-i) o A^°p o a ^ B! . 



(4.75) 

□ 



4.6 Ribbon structure 



Let C = C{H, A, 0", /3) be a braided monoidal category as in Theorem 1.3 and suppose that 
cr^ is central: 

Assumption: Ad^ = idn ■ (4.76) 
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Under the above assumption, in this section we give a pivotal structure on C. By definition, 
this turns C into a ribbon category whose twist isomorphisms are determined by the pivotal 
structure. 



Recall the identity S = Ad„ = AdgoAd^. from (4.65). From this we see that one 
immediate implication of (4.76) is that 



= Adn 



(4.77) 



Let 6u '■ U ^ f/^^ be the pivotal structure of the ribbon category S (which is assumed 
to be symmetric with trivial twist as stated in Notations 4.1). For M & Co and X G Ci 
define the isomorphisms 



Recall the right duality (— )* on C defined in Section 3.7 



4 



5 



X 



(4.78) 



Lemma 4.14. The family 5^ : A — )■ A** is a natural isomorphism 6'^ : Id ^ in C. 

Proof. Since for X G Ci we have X* = X^, 5^ is an isomorphism X — )■ X**. For M e Cq 
iterate the definition of pm* to obtain the if-action on M**. Since S has trivial twist, and 
since by (4.77) we have S"^ = Adg, one finds that 

Pm" = hi o Pm o (Adg ®(5^/) . (4.79) 

It is then clear that pm** o (^c?h®^m) — ^m°Pm- Finally, naturality of 6^^ is immediate. □ 

Remark 4.15. A different family of isomorphisms is given by S^j = 6m ° Pm ° (^ ® idA-i) 
where u is the Drinfeld element from (4.64). Since 5*^ = Ad^ (see (4.65)), for this choice 
Lemma 4.14 holds without the extra assumption of Ad^- being an involution. However, the 
proof of monoidality of 6*^ in Proposition 4.16 below requires the choice (4.78), see Remark 

SIZl 

We can now use 6^ to define a left duality on C such that both the left and right dual 



of A G C are given by A*. To distinguish the left duality maps form those in Section 3/7 
we use hats on the left duality maps instead of tildes. Namely, for all A G C we set 



ev, 



coev. 



[1- 



A' 



-> A* 



> A** (8)c A* — 



A 



> A* ®cA] . 



(4.80) 



Combining the maps ev^ and coev^ one obtains an isomorphism A* — )■ *A, where *A was 
defined in Section 3.7 We will henceforth only work with A* as the right and left dual and 
will no longer refer to *A. 

Using the definition of 6'^ it is easy to give the new left duality maps explicitly. For 
M G Co we have 



ev^ = evM o (pm ® idM*) ° {g ^ idM ® idM*) 
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coev;^ = A (g) coevx 



(4.81) 
(4.82) 



coev^ = (z(iM* ® Pm) o («(iM* ^ g~ ^ idM) o coevM 

and for X G Ci 

ev^ = e ® evx 

We have now gathered the ingredients to prove that 5*^ is monoidal. 

Proposition 4.16. 5'' is a pivotal structure on C, i.e. it is a natural monoidal isomorphism 
Id (-)**. 

Proof. By Lemma 4.14, 5*^ is a natural isomorphism Id — )■ (—)**. It remains to show 



that 5*^ is monoidal. This is equivalent to the requirement that the two morphisms R, L : 
B* ®c ^* (^ ®c B)* given below are equalj^ In writing L and R we have omitted the 
'®c' between objects and morphisms, and we have written '1' for the identity morphism. 



R 



1 T r*opv^ 

B*A* ^ {B*A*)1 ^ {B*A*){{AB){ABy} 



"■B* A* ,AB,(AB)' 



> {{B* A*){AB)}{ABy 



> {{B*{A*A))B}{ABy 



1 cv^ 1 1 



{{{B*A*)A)B}{ABY 



> {{B*l)B}{ABy ^ {B*B}{ABy 



ev"?, 1 



> i{ABy ^ {ABy 



B*A* ^ 1{B*A*) {{ABy{AB)}{B*A*) 
i»UB)*,AB,B*A*) (^ABy{{AB){B*A*)} \ {ABy{A{B{B*A*))} 

''"^■''*-^') {ABy{A{{BB*)A*)} {ABy{{Al)A*} ^ {ABy{AA*} 



1 cv 



> {AByi ^ {ABy 



(4.83) 

Each of A, 5 can be chosen from Co or Ci so that we have to verify four identities. We will 
look at these one by one. For 5° G Co we must check that 




(6°)' (AT 




(4.84) 



^ That R = L is equivalent to 6'^ being monoidal is standard; one place where a detailed proof is spelled 
out is [CRl Lem.2.12(ii)]. 
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The (yf-actions cancel each other because g is group-hke so that Ao g ^ = g ^ g ^. After 
this, the identity follows since S is pivotal. For G Ci and 5° G Cq we eet 





(4.85) 



On the left hand side, note that the two iJ-actions on combine to a loop, and one can 
use the bubble-property to obtain eo^oA, which is idi. On the right hand side, the counit 
produces a term {e ® id^) o 6 
and a term 

eo(f)-^ oA 



g ^ by (3.53) which cancels with the other g acting on B^, 

(4.86) 



e o S o 



o^MoA^^''^'"*- AoA 



idi 



The identity (4.85) now follows since S is pivotal. 



Remark 4.17. Let us interrupt the proof of Proposition 4.16 for a quick comment. Given 
the definition of the left duality maps in (4.80) and our ansatz that 6x = Sx for all X G Ci, 
the equahty (4.85) reduces to the requirement that (5£o o g-i^ = idso. In this sense, 
monoidality of 6^ Forces the choice (4.78) and the assumption (4.76). 
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For A° G Co and E Ci one finds 



(1 
































CftT W 




(4.87) 



On the left liand side, after using e o = e ® e one has a contribution (e (g) id//) o S = g 
acting on and a contribution e o o A = idi. For the right hand side first note that 



S O (f) o gMoA □ S"^ o [idn ® (A o ^)) o (7 A) 



A left int. 



(A o A) • (5*^ (g) £) o 7 = ?7 



(4.88) 



where in (*) we used that A is a left integral to remove ^M, and Lemma 3.3 to write in 
terms of A and 7. Substituting this removes all the if-actions from the right hand side of 



(4.87) except for the singe action of g on AO, in agreement with the left hand side. Finally, 

for A^,B^ G Ci we have to show 





(4.89) 



w (A') (sr 
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Using pivotality of S, one see that this is equivalent to 





(4.90) 



Inserting both sides into evn ° {'idn ® (— )), i-e. 'bending the upper H leg to the left', and 



substituting ^ = S o (po gM from (3.54) shows that (4.90 ) is equivalent to (recall that S 
has trivial twist) 



A o o [{gM o S* ^) (g) idn] = A o /i o 

[{S o g-iM)^idH] ■ 

The above equality holds since 



gM O ^ gMO Adg^ OS^ O = MgO S = S o g-,M 



(4.91) 

(4.92) 

□ 



The above proposition shows that C is ribbon. The twist isomorphisms 9a'- A ^ A are 
computed from the pivotal structure (hidden in the left duality maps) as follows: 



1 COOV J 



■'a, A, A* 



c\ , 1 



A^Al A{AA*) {AA)A* {AA)A* 



K,A,A.)-' 



> A{AA*) 



^ Al^ A 



(4.93) 



Proposition 4.18. For M E Cq and X E Ci we have 

Om = PM o (o-^^ ® idu) , dx = ■ uJx ■ 
Proof. Inserting the definition of evaluation, coevaluation, associativity isomorphisms and 



braiding into (4.93) for A = M results in 



Om = Pm o (t ® idM) with t = fio ch,h o {gM ® idn) o R . (4.94) 
In t, replace R by 



(4.95) 



R^ {Ad/ (g)id) o ch,h ° 1 ^ = ch,h o {id (S) {Ad/ oS)) o'y 



ch,h o {id (g) (Ad;^ oS")) o (^-iM (g) M^-i) o A o a . 
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This gives 



t = j2o (^-iM (g) {gM o Ad;^ 05 o M^-i}) o A o o- 
= Ad~^ o/i o (^id (g) {gM o ^-iM o 5„^-iM}) o (irf (g) S) o A o a 

= Ad;;^ o/i o {id (g) o (id (g) 5") o A o o- 

= Ad^^ o fio {id^ S) o Ao a = a'^ . 



(4.96) 



In (*) we used (4.34) to write 500-1^ = gM o ^-iM , as well as condition d) in Theorem 1.3 



(cf. Lemma 4.7) to cancel the ^M's. The morphism in curly brackets then becomes a-^M, 
and by (4.76) this is equal to M„-2. 



Computing 9x from (4.93) produces 9x = a ■ (^x, where the constant a is given by 

a = e o d)^^ o M,, o 6 o A . 



(4.97) 



,Mo0oM^-i, 



To simplify this, use the hexagon identity (H-8R) in the form o M^, o 
as well as £ o cr = idi (Lemma 4.3 ) to get a = A o M^-i o A = (3^^ ■ X o o A. In (4.58 ) we 
saw that A o g„^-iM = A o M^-i . Composing this with soaM o gives A o = A o soaM. 
If we apply both sides of this identity to A and use the left integral property we find 



\ l\/r \ \ A left int. . . Thm.[Tl](i) b) . 

A o Ma o A = A o souM = A o A ^ id-i . 

e{cr)=idi 



(4.98) 



Altogether, we obtain a = (3 ^. 

In a ribbon category one has cb,a ° ca,b = Oa®b 



'Oq^). Via Proposition 



obtain the following expressions for the double braiding (A*, 5* G Ci): 

Pa^^bo ° (<5 ® idAO (g) idi 



4.18 



□ 



we 



c c 
c c 
c c 

C_BO 41 o C^i RO 



IBO 



{Pao o ((T^ (g) Wa")} ® '^'^fii 5 

«c?Ai (g) {pbo ° (o"^ ® u;b")} , 
A(a) ■ ct2M (g) wai (g> Wfii , 



(4.99) 



where 



Q = (M^2 ® M^2) o Aoa" 



(4.100) 

and where we used = \{a) (condition b) in Theorem 1.3). We can also compute Q 
(which is sometimes called the monodromy matrix) by composing the braiding in (4.3) 
twice, which gives 

Q = Ph^h o {icH,H o R) R} ■ (4.101) 
Altogether, the element t = o""^ is central and satisfies 



(*) (**) JTTool 

eot = r] , Sot = t , Aot^^^/i^^^o{Q(g)(t(g)t)} 



(4.102) 



Indeed, (*) follows since by Lemma 4.3 we have e(cr^^) = idi, for (**) use Soa^^ = gMoa^^ 
from (4.34) and that the two (^'s cancel via condition d) of Theorem 1.3 A central element 
t of H which satisfies (4.102) is called ribbon element, see [KsU Def. XIV. 6.1] (with 6 = t~^ 
to match the definition of the twist isomorphisms). 



71 



4.7 Examples 

4.7.1 Tambara-Yamagami categories 

Braided structures on Tambara-Yamagami categories were described by Siehler [Si]. It was 
proved in [S^ that Tambara-Yamagami category C{A, x, c) affords a braiding if and only if 



A is an elementary abelian 2-group (see Section [3.8.1 for the notation used here). 

Theorem 1.3 reproduces the condition and data from [Sil Thm. 1.2]. Namely, since 
k{A) is commutative, condition e) implies that the antipode S is the identity (Remark 
iii) together with u = id), which means that A is an elementary abelian 2-group, i.e. 
(Z/2Z)". The non-trivial conditions on a G k{A) and f3 & k amount to (see Remark 



1.4 



A 



1.4| (iii) and condition a') in Remark 4.11 (ii)) 



(o- (g) a) ■ 7 = A((j) 



A(a) = 13' 



eicr 



a 



(4.103) 



Writing a = XlaG/i '^i'^)Pa we get the following conditions on a : A ^ k: 



cr{a)a{b)xia, h) = a{ab), 



C2_^a[a) 

aeA 



0' 



(Tie 



aia 



0" a . 



The first and the last two conditions say that a is a quadratic function on A associated with 
the symmetric bi-character x- It always exists (for an algebraically closed k of characteristic 
zero) and two quadratic function associated with a symmetric bi-character differ by a 
character on A. Thus the number of different pairs (a, (3) associated with (x, c) is equal to 
2|A| = 2""'"^ (here n is the rank of A and A is the group of characters). 

Since the quadratic function a determines the bi-character we denote by C{A, a, c, (3) the 
braided tensor category structure on the Tambara-Yamagami category corresponding to a 
and c,(3Ek. According to Section 4.5, two such categories C{A,a,c, (3) and C{A,a' ,c, (3) 
are equivalenl]^ if there is an automorphism of A such that cr' = a o 0. 

In particular for A = Z/2Z we recover eight different structures of a braided tensor 
category on Ising category |EN02j . Indeed there is a unique symmetric non-degenerate 
bicharacter x on Zi/2Z and there are two choices for each of c,a, p. 



4.7.2 Symplectic fermions 



We continue to investigate the example given in Section 3.8.2, and we will use the notation 
introduced there. Recall in particular the pair 7, given in (3.85). Recall that S{[)) is 
commutative and cocommutative, so that the conditions a)-e) in Theorem 1.3 (i) simplify 
to conditions a)-e) in Remark 1.4| (iii). 



^ It was also claimed in [53 Thm. 1.2 (2)] that non-equivalent braided structures on C{A, x, c) correspond 
to (n+l)-tuples of ±1, which actually are just elements of A x Z/2Z. However, this statement only takes 
into account braided auto-equivalences which act as the identity functor on the category. This does not 
exhaust all braided equivalences because the group of automorphisms of A stabilising x can still permute 
quadratic functions associated with x- 
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We need to fix a natural monoidal isomorphism of tlie identity functor on iS = SVect{k). 
The simplest choice would be uy = idy for all V G SVect{k), but for this choice condition 
e), namely uh = S, would fail in our example. Instead, we choose uy '■ V ^ V to he the 
parity involution on the super-vector space V, which acts as the identity on even elements 
and multiplies odd elements by —1. Since the antipode is given by the parity involution 
on S{i)), this choice satisfies uh = S. 

For condition a) - or rather its incarnation a') in Remark 4.11 (ii) - we need a suitable 
cr G ^(P)). We claim that 

a = exp(|C') (4.104) 

Af^\_fT ^^-l' 



satisfies •y = [a 



)1) ■ A((j) ■ (l^fj ^). To see this, note that (recall that C = X]i=i ^i^ctj 



a a 



6j + 1 (g (6jaj 



C 1 + 2C + 1 ® C 



(4.105) 



and so 



A((t) = exp(iA(C')) = exp(| (7 ® 1 + C + 1 1 ® (7) = (a ® 1) ■ 7 ■ (1 ® (x) . (4.106) 

For condition b) we first observe that indeed o S" = as A^ is non-vanishing only in 
degree d, and S acts as the identity on S''^(P)). Next we need to fix an element /3 G such 
that 



Ac(a) 



Q)v(i)!-Ac(c^t: 



c 



(4.107) 



We will assume that k contains the square root of the element on the right hand side. 
Condition c) is trivially true in the (co) commutative case. Condition d) holds since a = 
1 -|- ■ ■ ■ , so that e{a) = 1, and since e is parity-even, so that S{a) = a. Condition e) was 
already checked above. 



Thus by Theorem 1.3 (i), C is a braided category with braiding isomorphisms determined 
by the data 



R = r 



exp(-C) 



cr = exp^C*) 



13 a 



(3 exp(-^C') . (4.108) 



Remark 4.19. In the application to conformal field theory, a piece of data easily accessible 
are the twist eigenvalues on irreducible representations. They are given by e"^'^*'* where h 
is the Lo-weight of the highest weight vector. The irreducible representations in Co are the 
even and odd one-dimensional trivial if- modules, which have twist eigenvalue 1, and the 



even and odd simple object in Ci, which have twist eigenvalue ±/5 ^ (Proposition 4.18). In 

e^(for 



the case of a single pair of symplectic fermions [d = 2) 
a/— 1 = +i and ( = +1), and the relevant square root is /3 = e~'^^^^^. This then matches 
the conformal weights of the highest weight vectors of the four irreducible representations 
in the symplectic fermion model, which are 0, 1, — |, |, see |GKt Sect. 2] or |Ab] . 
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As an application, let us find the transparent objects in C. 



Proposition 4.20. For any choice of (,{3, the transparent objects in C all lie in Co and 

are precisely the trivial S {[)) -representations on purely parity-even super-vector spaces. 

Proof. Let Hk = A;"'^ be the standard one-dimensional odd super-vector space. We turn 
Uk into an object of Co = Rep5(if) by endowing it with the trivial iJ-action (given by 
evaluating with e). By ( |4.99[ ) we have, for any V E Ci, 

Cv,uk ° Cnfe,y = ■ wnfc ® idy = -iduk ® idy ^ idnk ® idy ■ (4.109) 

This shows at once that Uk is not transparent, and neither is any object in Ci. Finally, 
since Q = R21 ■ R = exp(— 2C) is non-degenerate, the transparent objects in Cq alone 
are the trivial representations of 5'(f)), that is, SVect{k) itself. Since we already saw that 
Uk is not transparent as an object of C, this shows that precisely the trivial parity-even 
if-representations are transparent. □ 

In other words, the symmetric centre of C is Vect, i.e. the category C is non- degenerate 
(as defined, e.g., in |DGNUj ). Note that the symmetric centre of Cq alone is equivalent to 
SVect{k)] such categories are called slightly-degenerate in jENOll [PNOj . 



Remark 4.21. In Remark 3.24 we saw that the automorphisms of S{[)) which fix 7 act 
as Sp{i)) on P) C S{i)); these automorphisms automatically fix A^. In fact, since these 
automorphisms also fix C, they equally fix C and thus a. Conversely, an automorphism 



that fixes cr also fixes 7 by Remark 4.11 (ii a'). Thus Autnopf (-f^, A, a) = Sp{i)) and by 
(4.69), the injection ( |3.87[ ) gets promoted to an injective homomorphism 



SpH)) ^ Autbr (C(S(f)),A,a,/3)/5Vect) (4.110) 

into the group of isomorphism classes of braided tensor autoequivalences over SVect of 
symplectic fermions. 

4.7.3 Non-example: Sweedler's 4-dimensional Hopf algebra 



Sweedler's 4-dimensional Hopf algebra H4 from Section 3.8.3 is quasi-triangular with a 



1-parameter familiy of possible i?-matrices (see, e.g., \CP\ Ch. 4.2.F]), 

Rs = l{l 1^ 1 + 1 1^ g + g ® 1 - g ® g) + ^{x 1^ X -\- X ® gx -\- gx 1^ gx - gx 1^ x) , (4.111) 

where s E k. Since the existence of an i?-matrix is a necessary condition to have a braiding 
on all of C, let us try to find the remaining data. For simplicity we will work over the field 
k = C. 



Recall the solution 72/42, Aj from (3.93). First we need a suitable invertible element a E 



H4, which satisfies condition a'). After a short calculation one finds that there are precisely 
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four such elements. Namely, choose a 4**^ root of unity C, set a = C'^, b = \/2 e~'^^^'^C/t, and 
define 

|(1 + ai)\^l — ai ■ g + b{x — ai ■ gx)^ . (4.112) 



Then a ^ = — ai)[l + ai ■ g — b{x — ai ■ gx)^ and one verifies that 72/^2 = (o-iM 
Mo-i) o A o 0" as required. 



We now found all solutions to a'). From Lemma 4.4 fii) we know that S"^ = Adg o Ad^^. 



For we h ave in addition that S"^ = Adg, so that any a that satisfies the conditions a)-e) 
in Theorem 1.3 must satisfy Ad^ = id. Unfortunately, Ad^(x) = —x, independent of (. 



One may ask if there is a different choice of 7 for which the above procedure works. 
This turns out to be not so. One way to see this is to use the fact that any i?-matrix must 



be of the form (4.111). It is then possible to verify that for no choice of s G there is a 



a which solves (4.4). 



4.7.4 A 16-dimensional non-(co) commutative triangular Hopf algebra 



This example is included solely to make the point that the conditions in Theorem 1.3 (i) 
do allow for a non-(co) commutative solution. It suffers from being a bit on the technical 
side, but we were happy to find an example in the first place. The starting point is the 
triangular Hopf algebra given in |Gel Ex. 4.6.6] (the Hopf algebra itself appeared already 
in |Kshj , the triangular structure we use is that from [Ge] , the expression of R in terms of 
a given below is new). 

We will construct this example 'backwards', namely, we will start with the known 



i?-matrix, guess a a which satisfies (4.4) and then recover 7. 



In this example the symmetric category is S = Vect(C) and so a; = id. Following 
[Gel Ex. 4.6.6], let G =^Z/2 x Z/2 and A = Z/4. The group G acts on u E A via 
(m, n).u = {—l)^u. Set G = G x A, so that the product and inverse in G are (we will write 
the group operations in G multiplicatively) 

(m, n; u) ■ (m', n'\ u') = (m + m' n + n':u + (— 1)"m') , 

(4.113) 

(m, n;u) ^ = (— m, —n; (— 1)"+^m) . 

Note that G is not commutative (in fact, G = G2 x Dg). As an algebra, the Hopf algebra 
HiQ is just the corresponding group algebra: 

HiQ = C[G] (as an algebra) . (4.114) 

The coalgebra structure will be obtained via a twist. Define vr : G — )■ A via vr(0,0) = 0, 
7r(l, 0) = 2, 7r(0, 1) = 1, 7r(l, 1) = 3 (this is a bijective 1-cocycle in the sense of \Ge\ 
Def. 4.6.1]). Pick a group isomorphism from A to its character group, ip : A A*, for 
example the one defined on the generator 1 E Ahj 

ipi{x) = 6cc,o + i 6cc,i - Scc,2 - i Sx,3 , (4.115) 
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so that ipy{x) = {ipi^x))^ for x,y E A. Define 

J = J2 ^y^^^ '""'^^^^^y ^ Hie ^ Hie. (4.116) 



x,yS:A 



The first factor in the tensor product hes in G C Hiq and the second one in A C Hiq. We 
will also need the multiplicative inverse of J. Let T : A ^ A he defined by 7t~^{—x) + 
7r^^(T(x)) = 0; since G has order 2, this works out to be T{u) = —u. Then \Ge\ Prop. 4.6.3] 

J-' = AiT. (^^(^))"' ■ ^-\T{x))®y . (4.117) 



By |Ge[ Prop. 4.6.3], J is a twist, and via the conventions in jGet Sect. 2.3] we obtain the 
coproduct and antipode on the basis a; G G of Hiq 

A{x) = J-^ ■ {x®x) ■ J , S{x) = Q-^ -x-^ - Q , (4.118) 

where Q = fi o (S'untwisted ® id) o J, and x"^ is the inverse group element in G (so that 
5'untwisted(a^) = x~^). The counit is e{x) = 1 for all x E G. Most importantly, we obtain 
the i?-matrix 

i?=J,-/-J=^ E '^■iy^-\x'))^in-\Tix))y'). (4.119) 

' ' x,y,x',y'GA '^^^ ' 

The above i?-matrix is triangular and non-degenerate |Ge] . This completes the definition 
of HiQ as a triangular Hopf algebra. It is semisimple and co-semisimple (since S"^ = id, see 
[LR[ Thm. 4.4]), and neither commutative nor cocommutative. 

Next we need to understand the right co integrals for Hiq. This space is one- dimensional 
(see |LRt Prop. 1.1]) and is spanned by Ai G if*g with 

Ai(a;) = 4,i (xeG). (4.120) 

From this one checks that Hiq is unimodular (this is also clear as Hiq is semisimple), i.e. 



Ai is also a left-integral. In other words, the element g G Hiq which enters Theorems |1.1 
and |1.3| is the unit: g = 1 E Hiq. 



Now consider the element 
1 
4 



(^ = -{ l-(OOO) +i-(001) -l-(002) -i-(003) 



+ 1-(010) +1-(011) +1-(012) +1-(013) 
+ 1-(100) -i-(lOl) -1-(102) +i-(103) 
+ 1-(110) -l-(lll) +1-(112) -1-(113)), (4-121) 

where [mnu] denotes an element of G = (Zi/2 x Z/2) x Z/4. The element a satisfies 



2 



a 



1 and R = {a ® a) ■ /\{a-^) , (4.122) 
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so that Q holdsQ It is now a matter of patience to verify that for ( G {±1} the pair 

7=(a-i®l)-A((T)-(l®(7-i) , A = 4C-Ai (4.123) 



satisfies the conditions in Corollary 3.17 One also checks the conditions in Theorem 1.3 (i) 
are satisfied (choose any (3 with (3 
category. In fact, since 



A (a) = (), so that C becomes a braided monoidal 



1, by Section |4.6| C is even ribbon. 
Finally, let us find the transparent objects in C. Firstly, Cq itself is symmetric (by 



construction, since i? is a triangular i?-matrix). Next, since a = 1 and to = id, by (4.99) 



the mixed double braidings are all equal to the identity. The double braiding of two objects 
from Ci is equal to X{a) = ( times the identity. Thus for = 1, C is again symmetric, 
while for ( = —1, the transparent objects in C are given by Cq. 
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